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Abstract. We prove the equivalence of two seemingly very different ways 
of generalising Rademacher's theorem to metric measure spaces. One such 
generalisation is based upon the notion of forming partial derivatives along a 
very rich structure of Lipschitz curves in a way analogous to the differentiability 
theory of Euclidean spaces. This approach to differentiability in this generality 
appears here for the first time and by examining this structure further, we 
naturally arrive to several descriptions of Lipschitz differentiability spaces. 



1. Introduction 

One of our goals is to show the equivalence of two seemingly very different ways 
of generalising Rademacher's theorem on the almost everywhere differentiability of 
(real valued) Lipschitz functions defined on Euclidean spaces to metric measure 
spaces (X, d, //) . The first stems from the work of Cheeger |Che99j and further 
developed into the concept of a Lipschitz differentiability space following the work 
of several authors, most notably Keith |Kei04] . It is based upon the notion of 
differentiability with respect to suitable charts - Lipschitz functions ip: X —> R". 
The second originates in some ideas of Alberti Alb93] and is based on the immediate 
consequence of Lebesgue's theorem that one may always differentiate a Lipschitz 
function almost everywhere along a Lipschitz curve. For measures represented by 
integration over such curves, this leads to a notion akin to partial differentiability 
\i almost everywhere and, if /i has more such representations, can lead to a notion 
of differentiability. 

To describe our results in more detail, we now informally introduce the two main 
concepts studied in this paper. 

An n- dimensional Lipschitz differentiability space may be thought of as a metric 
measure space (X, d, fi) for which there is a Lipschitz ip : X — > M. n (which is termed 
a chart) with respect to which every real valued Lipschitz function is differentiable 
fi almost everywhere (a precise definition that allows a countable decomposition 
into such charts is given in Definition 13. ip . Here differentiability of a function / at 
xq requires the approximation of f{x) — f(xo) by a linear form of tp(x) — f{xo) for 
x close to xo. More precisely, it requires the existence of a linear L : K™ — > E such 
that 

f(x) = f(x ) + L((p(x) - (p(x )) + o{d(x, x )). 
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Perhaps the best known non-trivial example of Lipschitz differentiability spaces 
is the Heisenberg group (see jHeiOlj ). In fact, by the result of |Che99j . any doubling 
space satisfying the Poincare inequality is a Lipschitz differentiability space. How- 
ever the converse does not hold, for example subspaces of Lipschitz differentiability 
spaces are Lipschitz differentiability spaces, while an analogous statement fails for 
spaces satisfying the Poincare inequality. 

An Alberti representation of a measure fi (see Definition I2.2[) is an integral com- 
bination of 1-rectinable measures, each supported on a Lipschitz curve in X (whose 
domain is not necessarily connected), that calculates the /i measure of any Borel 
subset of X. Further, we distinguish different Alberti representations by considering 
their direction; given a Lipschitz function ip: X — > R™ we say that an Alberti rep- 
resentation is in the direction of a cone C C R™ if, for almost every Lipschitz curve 
7 (with respect to the integrating measure) and almost every to, (ip ° 7) (to) € C. 
We then say that a collection of n Alberti representations are independent if there 
exists a Lipschitz ip : X —> R n and a collection of n independent cones in R™ such 
that each Alberti representation is in the direction of its own cone (see Definition 

cnni). 

Fubini's theorem provides a simple example of an Alberti representation: it 
represents the n-dimensional Lebesgue measure as the integral of one dimensional 
Lebesgue measures on lines parallel to the x-axis. In a general metric measure 
space, as for this example, if the measure /i has an Alberti representation, it is 
possible to define the notion of a partial derivative of a Lipschitz function in the 
direction of this representation at almost every point. Therefore, if a measure has n 
independent Alberti representations, there exists n independent partial derivatives. 
This can lead to a new notion of the derivative of a Lipschitz function. 

In this generality, the approach to differentiability via representations of the un- 
derlying measure by integration over curves appears here for the first time. How- 
ever, we will not consider it as a separate notion, but rather as a description of 
the usual notion of Lipschitz differentiability spaces. One advantage of this is that 
it naturally leads to several descriptions of Lipschitz differentiability spaces, and 
emphasises the key point that such spaces possess a very rich structure of curves. 

The research presented here began with an observation of Preiss that, from a 
theorem of Chccgcr and Kleiner, one may obtain an Alberti representation of any 
doubling Lipschitz differentiability space that satisfies the Poincare inequality (see 
Sectional]] for details). We significantly strengthen this observation by showing that 
(even in an arbitrary Lipschitz differentiability space) there exist so many Alberti 
representations that they completely describe the derivative of a Lipschitz function. 
This gives a natural realisation of the possibility of describing such derivatives by 
partial derivatives which was first pointed out in CKQ9] (see Corollary 16. 71) . 

We note that the notion of an Alberti representation is similar to, but more 
general than, the notion of a test plan recently studied by Ambrosio, Gigli and 
Savare in A GSlT] and many other papers by the same authors. Indeed, it is easy 
to see that any test plan defines an Alberti representation. 

In the first half of this paper we show that an n-dimensional Lipschitz differentia- 
bility space possesses n independent Alberti representations and that the derivative 
obtained from the partial derivatives agrees with the existing derivative. Further, 
this implies that, for every Lipschitz function, at almost every point one of the 
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partial derivatives must be comparable to the pointwise Lipschitz constant. That 
is, this collection of Alberti representations is universal (see Definition 17. ip . 

Since our only hypothesis on Lipschitz differentiability spaces is that Lipschitz 
functions are differentiable almost everywhere, we prove these results by first re- 
ducing the problem to showing that a certain class of sets must all have measure 
zero. Then, for each set S in this class, we construct a Lipschitz function that is 
differentiable almost nowhere on S, so that S has measure zero. 

In the second half of the paper we characterise Lipschitz differentiability spaces 
via Alberti representations and related null sets. First we see that a collection 
of Alberti representations being universal is exactly the condition required for the 
partial derivatives to form a derivative and so obtain our first characterisation. We 
observe that many subsets of Lipschitz differentiability space must necessarily have 
measure zero, namely the set of non-differentiability points of any Lipschitz func- 
tion. One may then ask if there exists a collection of subsets of a metric measure 
space such that, if each of these sets has measure zero, the space is a Lipschitz dif- 
ferentiability space. We answer this positively by giving several characterisations of 
Lipschitz differentiability spaces via null sets that arise naturally when constructing 
many independent Alberti representations of a measure. 

The existence of Alberti representations, and the ability to calculate the de- 
rivative from them, gives us a strong connection to the differentiability theory in 
Euclidean spaces. However, the theory of Lipschitz differentiability spaces remains 
more exotic than the Euclidean case as this theory cannot be improved beyond 
representations by 1-rectifiable measures. Indeed, it is known that the Heisenberg 
group is a Lipschitz differentiability space consisting of a single chart of dimension 
two. By our characterisations, we may therefore conclude that there exists a large 
collection of pairs of independent Alberti representations. However, it is also known 
that the Heisenberg group is 2-purely unrectifiable (see |AK00j . Theorem 7.2) and 
so there cannot exist a representation of its measure by 2-rectifiable measures. We 
therefore see that, although there exists a very rich collection of 1 dimensional rep- 
resentations, they cannot be combined to produce a higher dimensional structure. 

The paper is organised as follows. In Section [2] we define an Alberti representa- 
tion and deduce the elementary properties of measures with an Alberti represen- 
tation. In section [3] we recall the notion of a derivative with respect to a chart 
given in |Che99] and |Kei04j . We also give a characterisation, that first appeared 
in [BS11,, describing the uniqueness of such a derivative as a property inherent to 
the chart. While this observation is simple, it's consequences will be essential to 
our construction of a non-differentiable Lipschitz function. 

We then proceed to prove the existence of n independent Alberti representations 
of any n-dimensional Lipschitz differentiability space (see Theorem l6.6j) . This proof 
consists of the following three constructions which are valid for any chart in a metric 
measure space. 

In Section [4] we present a general construction of a non-differentiable Lipschitz 
function (see Proposition ^. 3[) . Given a set S and a sequence of 1- Lipschitz functions 
that behave, at some scale, like non-differentiable functions at points of S, we are 
able to produce a Lipschitz function that is not differentiable almost everywhere 
on S. More precisely, suppose that for each function f rn of this sequence and each 
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x 6 S, there exist y,z 6 X with < d(y, x),d(z, x) < 1/m such that 

\fra{x) - fm(y)\ < J_ d |/m(x) ~ /mQQI > 1 

d(x,y) ~ m d(x,z) ~ 2 

Then we modify and combine the functions of this sequence to construct a Lipschitz 
function that is not differentiable almost everywhere on S. 

In Section [5] we define a class of subsets of a metric measure space and show 
that the measure has many independent Alberti representations if and only if each 
of these sets has measure zero (see Theorem I5.14[) . This class is a natural gener- 
alisation of the class of sets considered in |ACPj . in which the authors investigate 
measures in Euclidean space with respect to which every Lipschitz function is dif- 
ferentiable almost everywhere. In this paper, such sets will play a fundamental role 
in our description of Lipschitz differentiability spaces, via Alberti representations. 

In Section [6j we provide a construction of a sequence of Lipschitz functions that 
satisfy the hypotheses of the construction from Section 2] for any set in the above 
class. In particular, there exists a Lipschitz function that is differentiable almost 
nowhere on such a set, establishing the existence of many independent Alberti 
representations of a Lipschitz differentiability space. 

We use the existence of Alberti representations to give complete descriptions of 
Lipschitz differentiability spaces. In Section [7] we show how the partial derivatives 
obtained from a universal collection of Alberti representations form a derivative. For 
example, suppose that a Lipschitz function has all partial derivatives with respect 
to a universal collection of Alberti representations equal to zero. Then it must have 
derivative zero almost everywhere. By using the linearity of the derivative and 
investigating universal Alberti representations further, we are able to generalise 
this argument to show that the partial derivatives of any Lipschitz function form 
a derivative almost everywhere. By combining this with our previous results, we 
characterise Lipschitz differentiability spaces as those metric measure spaces with 
a universal collection of Alberti representations (see Theorem 17.81) . 

In Section [8] we show that, for any metric measure space with n independent 
Alberti representations, there exists a 5 > (depending on the properties of the 
Alberti representations) such that, for almost every x and every sufficiently small 
r, there exists a 5r separated subset of B(x, r) of size n. In particular, if the metric 
measure space is doubling, there exists a bound on the total number of independent 
Alberti representations. When combined with the results from Section [5] that pro- 
duce many independent Alberti representations, such a bound imposes a derivative 
of every Lipschitz function at almost every point. In particular, we characterise 
Lipschitz differentiability spaces as those doubling metric measure spaces in which 
certain subsets have measure zero (see Theorem 18. 101) . 

In Section [9] we prove the existence of many additional Alberti representations 
of a Lipschitz differentiability space. In fact, for any chart ip in an n-dimensional 
differentiability space and any cone C C K™, we show the existence of an Alberti 
representation in the direction of C . 

In Section [TU] we relate our characterisations to the previous works of Cheeger 
and Keith. 

Throughout this paper we will denote by {X, d) a complete, separable metric 
space and by {X, d, fi) the metric measure space obtained by equipping (X, d) with 
a finite Borel regular measure [A, so that /i is Radon. However, by applying the 
results proved here to any compact subset, the main results hold for any metric 
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space equipped with a Radon measure (that must necessarily be doubling). Further, 
since a derivative is not defined at an isolated point, we also suppose that the set 
of isolated points has measure zero. 

For (X, d) a metric space, Y C A, x e X and r > 0, we denote by B(x,r) and 
B(x, r) the open and closed balls centred at x of radius r and by B(Y, r) and B(Y, r) 
the open and closed r-neighbourhood of Y of radius r. For a function / : X — > R 
we write Lip(/, x) for the pointwise Lipschitz constant of / at x given by 



For two measures fi and v on X we say that /j, <C v if \i is absolutely continuous 
with respect to v. 



This section first defines an Alberti representation and proves some of their basic 
properties. We then demonstrate how the existence of an Alberti representation 
provides a metric measure space with a notion of almost everywhere differentiability 
of Lipschitz functions. 

2.1. Basic definitions and properties. Before defining an Alberti representation 
we define the set of curves that form a representation. 

Definition 2.1. Let (X, d) be a metric space. We denote by T{X) the set of 
biLipschitz functions 



with D01117 C R non-empty and compact. For a function f-.Y—tZwe denote 



Finally, for Y non-empty and compact, Graph / is non-empty and compact and so 
we may equip T(X) with the Hausdorff metric: 

d{l,"f') — Hausdorff (Graph 7, Graph 7'). 

We also define H(X) to be the set of all 7 <G T{X) with Doni7 a closed interval. 

We will refer to elements of T{X) as Lipschitz curves. Note that, as in most 
metric spaces, LT(A) may only consist of the Lipschitz curves whose domain is a 
single point. 

Suppose that (X,d) is a metric space, /: X — > R™ is Lipschitz and 7 g T(A). 
Then / o 7 : Dom 7 C R — > R™ is Lipschitz and so may be extended to a Lipschitz 
function F defined on an interval. Therefore, by Lebesgue's theorem, F is diffcrcn- 
tiable almost everywhere. However, at any non- isolated point to of Dom 7, if F'(to) 
exists then it's value is determined by the value of /07 near to to, independently of 
the extension F . We may therefore define the derivative of / o 7 almost everywhere 
in Dom 7 to be equal to the derivative of any Lipschitz extension to an interval. 

With these constructions, we define an Alberti representation as follows. 

Definition 2.2. Let (X,d,fi) be a metric measure space, P a Borel probability 
measure on T(X) and, for each 7 g T(X), let /z 7 be a Borel measure on X that is 
absolutely continuous with respect to V. 1 l M7, the restriction of V. 1 to Im7. For 




2. Alberti representations 



7: Dom 7 — > X 



Gmphf = {(y,z)eYxZ:f(y) 



z}. 
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measurable A C X we say that (P, {/x 7 }) is an Alberti representation of /x L A if, 
for every Borel y C A, 7 i-> /x 7 (y) is Borel measurable and 

n{Y) = f / i 7 (y)dP( 7 ). 

Jr(x) 

Given an Alberti representation „4 = (P, {/x 7 }) we will write "almost every 7 G 
.4" to mean "P-almost every 7 £ T(A)" and given a curve 7 € T(A) we write 
"almost every t £ Dom 7 " to mean "7 _1 (/x 7 )-almost every t £ Dom7". 

First observe that, if \i L A has an Alberti representation .4 = (P, {/x 7 }) and 
/:X->lisa positive simple function, then 

f /dyx = / / /d/i 7 dP( 7 ). 
Ja ^r(x) J 7 

Therefore, by the monotone convergence theorem, this formula holds for any posi- 
tive Borel function f:X—}M.. Also note that, if N C X is /x-null, then A is also 
an Alberti representation of /1 L A U N. Finally, given a measurable set B C A, we 
may define At- B, the restriction of A to B, given by (P, {/z 7 L B}). 

We may also form new Alberti representations from existing representations. 

Lemma 2.3. Let (X,d,fi) be a metric measure space and A C X measurable. 
Suppose that there exists a finite measure M on T(X) and for each 7 € r(X) a 
measure v 1 -C V. 1 L Im 7 swc/i i/iai /ilA w absolutely continuous with respect to 
the Borel measure 

v(B) = / v 1 {B)dM 
Jr(x) 

and such that v is finite. Then fit- A has an Alberti representation. 

Proof. By dividing by M(T(A)) we may suppose that M is a probability measure. 
Since /x and v are both finite, by the Radon-Nikodym Theorem there exists a Borel 
measurable F: A — >• K such that, for each Borel B C A, 

H{B) = [ FAv = [ [ l s Fd^ 7 dM. 
Therefore, if we define d/x 7 = Fdf 7 , 

/i(B) = f ^(B)dP 
Jv{x) 

and so /i L A has an Alberti representation. □ 

Lemma 2.4. Let (A, d, fi) be a metric measure space and for each k £ N let Ak C X 
be measurable such that has an Alberti representation. Then fi L UkA^ has 

an Alberti representation. 

Proof. For each k £ N let Ak = (Pfe, {A* 7 ,fe}) be an Alberti representation of /i L Afc 
and set P = Efc 2 ~ fe Pfc, a Borel probability measure on T(X). For each 7 £ T(A) 
and each fc £ N let F 7 ^ be the Radon-Nikodym derivative of 7~ 1 (/i 7 ) with respect 
to Lebesgue measure and set 

S 7 = {t e Dom7 : 3 k £ N, F 7l k(i) > 0}. 
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Then S* 7 is a bounded subset of K of positive measure and so we may define the 
measure 

v{Y) := I 71 ' L 7(^)/^ 1 (7(^)) if ^HtO^)) > 
[ otherwise 
on X . Further, we may define the finite measure v on X given by 



v(Y) = / z/ 7 (Y)dP 
Jr(x) 

for each Borel Y C X. 

Now let Y C X be Borel with v(Y) = and let k G N. Then for P fc -a.e. 7 G r(A) 
we have f 7 (Y) = 0. However, by definition, (i^^ L S, < v 7 for every 7 G r(A). 
Therefore, for Pfc-a.e. 7 G r(X), /i 7j fc(F) = 0. Since /jl4 has the above Alberti 
representation, we must have fx(Ak n Y) = 0. In particular /i(Y n UfcAfc) = and 
so fj, L UfcAfc is absolutely continuous with respect to ^. By applying the previous 
Lemma we obtain the required Alberti representation (P, {/i 7 }) of fi L Ufcj4fc. □ 

The previous two Lemmas preserve many of the properties of the Alberti rep- 
resentations in their hypotheses. More precisely, suppose under the hypotheses of 
Lemma \2. 41 that T C T(X) is a set of full Pfc-measure for each k G N and that, for 
each 7 G T, 7 C Ini7 is a set of full ^ 7i fc-measure, for each k G N. Then F is a set 
of full P-measure and for each 7 G T, 7 is a set of full /i 7 -measure. We will make 
particular use of this fact in the following form. Suppose that / : X — > M is Lips- 
chitz such that, for each k G N, almost every 7 G Ak and almost every t G Dom7, 
(/ > 0- Then for almost every 7 G A and almost every t G Dom7, 

(/o 7 )'(t)>0. _ 

In the definition of an Alberti representation we only require the representation 
to hold for all Borel subsets of X. However, as we will now see, it is easy to extend 
this representation to all ^-measurable subsets of X. 

Lemma 2.5. Let (X,d,fi) be a metric measure space and A C X measurable such 
that /i L A has an Alberti representation (P, {/i 7 }). Then for every /i-measurable 
F C i, 7 4 f-yiY) is IF '-measurable and 



fx(Y)= / H {Y)aY. 
Jt(x) 

Proof. Let Fcibe /i-measurable and B C Y C C be Borel with fJ,(B) = /i(C). 
Then for every 7 G T(X), 

^(B) < ^(Y) < M7 (C). 

However, since n(B) and n{C) are given by the Alberti representation, we know 
that /J, 7 (B) = jtt 7 (C) for almost every 7 6 A. Therefore 7 i-> fi 7 (Y) is P- measurable 
and 



fi(X)=n(B)= f n 7 (B)d 
Jr(x) 



< / ^(Y)d¥ 
Jr(x) 



< / fji 7 (C)dF = fx(C) = fx(Y). 
Jr(x) 

Thus is given by the Alberti representation. □ 
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2.2. Relationship with differentiability. We now demonstrate how an Alberti 
representation provides a metric measure space with a notion of almost everywhere 
differentiability of Lipschitz functions. 

Definition 2.6. For a metric space (X, d) we define H(X) to be the collection of 
non-empty compact subsets ofRxI with the Hausdorff metric, so that H(X) is 
complete and separable. We also identify T(X) with it's isometric image in H{X) 
via 7 H- Graph 7 and set 

A(X) = e X x T(X) :3te Dom 7 , j(t) = x}. 

Finally, for any K C X, we define the set 

DP(K) := {(z,7) e : 7~ 1 (x) is a density point of 7~ 1 (if)}- 

Lemma 2.7. Let (X, d) be a metric space and L > 0. Then the set of all L- 

biLipschitz 7 G r(X) is a closed subset of H(X) and T(X) is a Borel subset of 
H(X). Further, A(X) is a Borel subset of X x H(X). Finally, for any ai = 
(7i(*i)>7i) anda 2 = (72^2), 72) inA(X), 

\h -t 2 \ < (2 min biLip7i + l)d(ai, a 2 )). 

i=l,2 

Proof. For any i > suppose that 7 TO 6 are i-biLipschitz and 7 TO — >• 7, for 

some 7 € H(X). We will show that 7 is the graph of some L-biLipschitz function. 

Indeed, let (s,x) and (t, y) belong to 7 and, for each m e N, (s m ,x m ) and 
(t m ,y m ) € 7 m with (s m ,x m ) ->■ (s,m) and (t m ,y m ) (t,x). Then since each 7 m 
is L-biLipschitz, 

d(x,y)= lim rf(7 m (s TO ), 7 m (t m )) < lim L\s m - t m \ = L\s - t\ 

m— >oo m— >oo 

and similarly 

d(x,y) > \s-t\/L. 

Therefore 7 is the graph of some L-biLipschitz function 7: Dom.7 — >• X. In par- 
ticular, the set of L-biLipschitz elements of T(X) is a closed subset of H{X). By 
taking a union over L e N we conclude that T(X) is a Borel subset of H(X). 

Now suppose that (2,7) € X x does not belong to A(X). Then since 

Ini7 is a compact set there exists a <5 > such that d(x,lmj) > 5. In particular 
B((x,j),S/2) is disjoint from A(X) and so A(X) is a closed subset of X x T(X). 

Finally, given a x = (71 (h), 71), a 2 = (72(^2), 72) € suppose that 

L = biLip 71 < biLip 72 . 
There exists a t G Dom7i with 

max{|i 2 - i|,rf(7i(t),7 2 (t2))} < cf(ai,a 2 ) 

and so 

|ti-t 2 |<|ti-t| + |t-t 2 | 

<id(7i(ti),7iW) + |t-*2| 

< Ld(7i(ti),7 2 (t 2 )) + Lrf( 72 (i 2 ),7i(*i)) + |* - *2| 

< (2L+l)d(oi,a2) 



as required. 



□ 
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We will describe an Alberti representation using a Borel set B c A(X) whose 
projection into r(X) is a set of full measure. We now demonstrate the particular 
Borel sets that we will use. 

Lemma 2.8. Let (X,d,/i) be a metric measure space. 

(1) For g: X — > M continuous, the function f: A(X) ->KU {oo} defined by 



{g°l)'{l 1 { x )) if it exists 
oo otherwise 



is Borel measurable. 
(2) For any compact K C X, DP(K) is a Borel subset of A{X). 

Proof. Let S, e > and q € R. Then the set of (7^0), 7) E A{X) with 

\9h(t)) ~ ff(7(*o)) - g(t - *o)| < e|t - to I 

for all t £ Dom7 n B(to,S), is closed. Therefore, after taking suitable countable 
intersections and unions of such sets, the set where (g o 7)'(7~ 1 (;c)) exists and 
belongs to some open subset of R is Borel. Thus the set of points where the 
derivative does not exist is Borel as is the set of points where the derivative belongs 
to some given Borel set. 

To prove the second statement, let 7 m — > 7 in H(X), t <G R and r > 0. Then 
Dom7 TO — > Dom.7 in the Hausdorff metric. In particular, for every e > 0, Dom7 m C 
_B(Dom7,e) for sufficiently large m. Therefore 

limsup£ 1 (B(i,r)nDom7 m ) < lim ^(^(t, r) n B(Dom7, e)) 
(2.1) =£ 1 (5(i,r)nDom 7 ) 

since Dom.7 is compact. 

Now let K C X be compact. We first show that 

7^£ 1 (B(t,r)n7~ 1 (iT)) 

is upper semicontinuous on Y(X). For this let j m — > 7 in H(X) such that each 
7~ 1 (if) is non-empty and for every m € N define Dom7 m = 7~ 1 (iiT) and 7™ 
to be the restriction of j m to Dom7 m . Then since 7 m — > 7 we know that all 
of the Dom7 m belong to some compact subset A of R. In particular each 7 m is 
contained within A x K, a compact set, inside which the Hausdorff metric on its 
non-empty subsets is also compact. Therefore, for any sequence m(fc) —¥ 00 there 
exists a subsequence m(ki) — >■ 00 such that the 7 m (fc i ) converge to some non-empty 
compact B C A x K. 

However, since j m — > 7, we know that B must be a subset of 7 restricted to K 
and so, by equation (|2.ip . 

limsup^CBfor) n Dom 7m(fei) ) < C l {B{t,r) n 7 _1 (^))- 

This is true for any sequence m(k) — > 00 and so 

C 1 (B{t,r)n-/- 1 {K)) 
is upper semicontinuous on T(X). 
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Further, if (7 m (i m ),7m) — > (7(*)>7) in A(X), then by Lemma l27l we know that 
\t m — t\ — > and so 

limsup£ 1 (5(t in ,r) n j'^K)) < lira sup £}(E{t,r) n 7m 1 (*0) + - t\ 

<£ 1 (5(t,r)n 7 - 1 (^)). 

In particular 

(i )7 )H£ l (5(7" l W,' , )n7" 1 (Jf)) 
is upper semicontinuous on A(X). By taking a suitable countable collection of 
intersections and unions we see that DP(K) is a Borel subset of A(X). □ 

By combining these results we now show, for almost every point x in a metric 
measure space with an Alberti representation, the existence of a Lipschitz curve 
of which a; is a density point. Moreover, such a Lipschitz curve may be taken 
from a set of full measure, with respect to the integrating measure of the Alberti 
representation. 

Proposition 2.9. Let {X, d, fi) be a metric measure space and M C X measurable 
such that fjb\-M has an Alberti representation A. Suppose that (Y, p) is a complete, 
separable metric space, B <ZY is Borel and f: A{X) — > Y is a Borel function such 
that, for almost every 7 G A and almost every t G D01117, f(l(t),j) G B. Then 
the set 

P(M) := {x G M : 3 7G T(X), (2,7) G DP(M), f(x, 7) G B] 

is a set of full measure in M and for each x € P(M) there exists a 7 X € T(A) that 
satisfies the conditions given in the definition of P{M) such that x 1— > f(x,j x ) is 
measurable. 

Proof. We first prove the statement under the additional hypotheses that M is 
compact. If so, by Lemma [2^81 (|2|) . the set 

G := {(/(as, 7), z,7) G S x A(A) : x G M, (x, 7 ) G DP(M)} 

is the graph of a Borel function restricted to a Borel set, and so is Borel. In par- 
ticular, it's projection onto M is a Suslin set and so is measurable. This projection 
equals P(M). Further, the projection of G onto B x M given by 

{(y,x) G B x M : 3 7 G r(X), (1,7) € DP(Af), 2/ = /(as, 7) € ^1 

is also a Suslin set. This set is the graph of a function defined on M and so, by 
the Jankov-von Neumann Selection Theorem (sec [Kec95 , Theorem 18.1), for every 
x G P(M) there exists a 7 I e T(X) such that (a;,7 x ) G DP(M), f(x,j x ) G B and 
such that a; 1— > f(x,^ x ) is measurable. 

Suppose that A = (P, {/x 7 }) and let us consider C = M \ P(M), a measurable 
set. Then for any 7 G T(X) and t G D01T17 with 7(f) G C, since (7(f), 7) G 
we must have either / (7(f), 7) <^ B or t not a density point of 7~ 1 (C). Therefore, 
from our hypotheses on A, there exists a P-null set AT such that either 7 e JV or 
^ 1 (7 _1 (C)) = 0- By LemmaGLSl 

p(C)= / p 7 (C)dP+ [ ^ 7 (C)dP = 

Jr(X)\N JN 

so that P(M) is a set of full measure in M. 
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Now suppose that M C X is measurable and let N be a /i-null set such that 
M\N is a countable union of compact sets Ki. Then by the above, UiP(Ki) is a set 
of full measure in M. Moreover, for every i e N, ifj C M and so -P(-fQ) C P(M). 
In particular n(M\P(M)) — so that such a 7^ exists for almost every x G M. □ 

In particular we may use this Proposition to find a partial derivative of a Lip- 
schitz function at almost every point of a metric measure space with an Alberti 
representation. In fact, we may find a gradient of partial derivatives, whenever a 
metric measure space has many independent Alberti representations, each distin- 
guished in the following way. 

Definition 2.10. For w G S™ _1 and < 9 < 1, define the cone of width 8 centred 
on w to be the set 

C(w,8) = {v G I" : v ■ w > (1 - 9)\\v\\} 

and the open cone of width 9 centred on w to be 

C°(w,9) = {v G R" : v ■ w > (1 - 

Also, for a cone C we denote the open cone with the same centre and width by C°. 

Now let (X, d, /i) be a metric measure space and cp ; X — > 1" Lipschitz. For a 
cone C C R™ we say that a Lipschitz curve 7 G T(X) is in the ip-direction of C if, 
for almost every t G D01117, 

(P7)'(f)eC\{0}. 

Further, we say that an Alberti representation A is in the ip-direction of C if almost 
every 7 G A is in the tp-direction of C . 

Finally, we say that closed cones Ci, . . . , C m C W 1 are independent if, for any 
choice of u,; £ C, \ {0}, the are linearly independent and that a collection 
Ax, . . . ,A m of Alberti representations is ip- independent if there exists independent 
cones C\ , . . . , C m such that each A% is in the ^-direction of Ci . 

Definition 2.11. Let (X,d,fi) be a metric measure space, xo £ X and /: X — > 

R and ip: X — > M™ Lipschitz. Suppose that 71,..., j n G T(A) such that each 
7~ (xo) = is a density point of Dom^i and that the (ip o 7i)'(0) exist and form a 
linearly independent set. We define the gradient of f at Xo with respect to p> and 
71, . . . , 7„ to be the unique V/(xo) G R™ such that 

(/°7i)'(0) = V/(xo)-(^o 7i )'(0). 

Further, we say that V/(xo) G 1" is a gradient of f at xq with respect to p if 
there exist such 71, ... ,7^ G T(X ) such that V/(xq) is the gradient of / at Xo with 
respect to tp and 71 , . . . , j n . 

Remark 2.12. A very easy construction of a Lipschitz function on the plane with 
both partial derivatives equal to zero and a non-zero directional derivative at the 
origin shows that a gradient with respect to a fixed ip need not be unique. 

We obtain the following Corollary of Proposition 12.91 

Corollary 2.13. Let [X, d, fi) be a metric measure space and <p: X — > R™ Lipschitz 
such that \i has n p> -independent Alberti representations. Then for any Lipschitz 
f: X — > R there exists a gradient V/ of f almost everywhere with respect to p. 
Further, this gradient may be chosen such that xo 1— > V/(xq) is measurable. 
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3. A FIRST ANALYSIS OF LlPSCHITZ DIFFERENTIABILITY SPACES 

We begin by recalling the notion of differentiability in metric spaces introduced 
by Cheeger |Che99| and Keith |Kei04j . 

Definition 3.1. Let (X, d) be a metric space and n e N. We say that a Borel set 
U C X and a Lipschitz function if: X — ¥ R™ form a chart of dimension n, (U,ip) 
and that a function / : X — > R is differentiable at xq G U with respect to (U, (p) if 
there exists a unique Df(xo) € R™ (the derivative of f at xq) such that 

limsup \JM - IM - DjM ■ Ggfr) - <p(xq))\ = 

X3x^x d(x,X ) 

Further, we say that a metric measure space (X, d, fi) is a Lipschitz differentia- 
bility space if there exists a countable decomposition of X into charts such that any 
Lipschitz function / : X — > R is differentiable at almost every point of every chart. 

Whenever it will not cause confusion, we will say "a chart in a Lipschitz differ- 
entiability space" to mean a chart in a Lipschitz differentiability space with respect 
to which every real valued Lipschitz function is differentiable almost everywhere. 

For a survey on the existing theory of Lipschitz differentiability spaces, the reader 
is referred to the primer written by Kleiner and Mackay, jKMllj . (Note that, in 
this paper and the papers of Cheeger and Keith, a Lipschitz differentiability space 
is referred to as a metric measure space that admits a measurable differentiable 
structure.) 

Remark 3.2. One may wonder about the notion of a zero dimensional chart, where 
every Lipschitz function has derivative zero almost everywhere. In Corollary 14.91 
we see that such a chart must have measure zero. 

We first give a characterisation of the uniqueness of derivatives in a chart that 
will lead us to necessary conditions for a function to be differentiable at a point. 
This characterisation first appeared in [BS11] . 

Lemma 3.3 (|BS11 , Lemma 2.1). Let (U, ip) be an n-dimensional chart in a metric 
measure space (X,d,(i) and xq € U. The following are equivalent: 

(1) There exists a A > and X 3 x rn — > xq such that, for any v € S n , 

, 511 ,. • f \(<p(Xmn+i) ~ <P(X0)) ■ V\ 

(3.1) hmmf max > A. 

m-S-oo 0<i<n d(x m n+i,X ) 

(2) There exists a A > such that, for any v € S" _1 , 

limsup IMX \; ^ o)) > A. 
x^x d(x,xo) 

(3) For any f: X — > R, if there exists a Df(xo) € 1" such that 

limsup \f(x) - f(x Q ) - Df(xo) ■ (f(x) ~ f(x ))\ = 
x-fxo d(x,x ) 
then it is unique. 

In particular, the fact that such a Df(xo) is unique depends only upon the chart 
and is independent of f. 
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Proof. Equation (JlJ implies <j2j) - Now suppose that ([2]) holds and for a function 
/: X -¥ R there exist Df(xo) and Df'(xo) £ R n that satisfy the hypotheses of ((3|). 
Then by the triangle inequality 

hmp l(^)-y.(D-^l =0 

x— >xq «(x,Xo) 

and so Ip-D'H =0. 

Finally suppose that Q holds for some /: X — >• R. Then for any u £ S n_1 , 

,. |(y(x) -y>(x )) ■■UpJ 

limSUp — ; r > 0. 

x— Yxa d[x,XQ) 

Therefore, there exists x Q m —> xo and wq £ B (0, Lip ip) such that wq ■ vq > and 

g(x£j - y(x ) _ 

— jTi) — ^ — ~~ w °- 

For each 1 < i < n inductively choose i>; £ §' l_1 such that u, ■ wj — for each 
< i < * and let x l m — > Xq and Wi £ B(0, Lip ip) such that u)j • > and 

lim y^)-^) = Wl . 

Then for any ai, . . . ,a n £ R, suppose that ao^o + • • • + a n _iiu ra _i = 0. By taking 
the inner product with w n -\ we see that a„_i = 0. Repeating we see that <Xi — 
for each Q < z < n and so the «)j form a basis of R™. In particular, there exists a 
A > such that, for each v £ S™" 1 , there exists a < j < n with \wj ■ v\ > A. 

Therefore, if we set x mn +i — x l m for each m £N and < i < n, for any v £ S" 
there exists a < j < n such that 

liminf ^ \Mx m +l )-p(x Q ))-v\ > Um l(^)-^o))-^ > A 

m->oo 0<t<n d(x mn+i ,X ) m^oo d(Xm,X ) 

as required. □ 

Using this we may give a necessary condition for a function to be differentiable 
at a point in a chart. 

Lemma 3.4. Lei (t/, (/j) &e an n- dimensional chart in a metric space (X, d), xq £ U 
and x m — > xo satisfying (13. ip for some A > 0. Then for any f : X — > R i/iai is 
differentiable at xq we /iaue 



and 



|D/(x )|| <Lip(/,x )/A 



A T - l( \ *s l • • r |/(x„ m + l ) - /(X )| 

■Lip(/,xo) < hmml max 



Lip ip m->oo 0<i<n d(x mn +i,Xo) 

Proof. If / : X — > R is differentiable at xq £ X then by the triangle inequality 

,. - f \f(x mn +i) ~ f(xo)\ . ., |(^(x mn+i ) - (p{x )) ■ D\ 
hmmf max > hmml max 

m-s-oo 0<i<n a(x mn+ i , Xo) m->oc 0<i<n d{X mn +i , Xo) 

>A|p||. 
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This proves the first inequality. Secondly, by another application of the triangle 
inequality, 

t • , r \f(x)-f(x )\ 
Lip(/, x ) = hmsup r 

x^x d(x,x ) 

^ wnt/ Mir \\<P( X ) - <f(xo)\\ 

< ||D/(x )|| hmsup ■ 



X-yXO d(x,X ) 

< ||Z)/(a:o)||Lipv>. 

Combining this with the first inequality gives the required result. □ 

A very easy application of this Lemma gives the following Corollary on single- 
tons in a Lipschitz differentiability space. This will be used without any specific 
reference. 

Corollary 3.5. Any singleton in a Lipschitz differentiability space has measure 
zero. 

Proof. Let (U, ip) be any n-dimensional chart in a Lipschitz differentiability space 
(X, d, /i). For almost any xq € U let x m — ¥ xq and A > be obtained from Lemma 
13.31 and by taking a suitable subsequence if necessary, we may suppose that 

max d(x mn+i ,x ) < min d(x (m+1)n+i , x )/2 

0<i<n 0<i<n 

for each to G N. Then the 1-Lipschitz function 

f(x)= ^ max (d(ar mn+ i,x )/4- d{x mn+i ,x)) + 

— ' 0<i<n 
771G2N ~~ 

satisfies 

f(x mn +i) - /(go) _ \ 1/4 if m even 
d(x mn+i ,x ) |o if m odd 

for each < i < n. In particular, the condition given in Lemma 13.41 does not hold 
at xq and so / is not differentiable at xq, as required. □ 

When constructing a non-differentiable Lipschitz function, we will ensure that 

,. • t \f(x mn +i) - f(xo)\ 
hmrnf max — - 

rn^oo 0<i<n d(x mn+i ,Xa) 

is sufficiently small by first bounding d(x mn+ i,xo) from below, for a fixed to, all 
< i < n and all Xq in a certain set of large measure. We now do this uniformly 
across the chart to simplify the construction. 

Definition 3.6. Let (X,d) be a metric space and A > 0. We say that U C X 
and a Lipschitz function ip : X — > R n form a X-structured chart of dimension n if 
U is compact and there exists a U' C U of full measure such that, for every R > 
there exists an r > and for every xq € V points x\, . . . , ,x n G U with each 
r < d(xi,Xo) < R and 

\(tp{x l ) - (p{x )) -v\ 
max r > A 

l<i<n d{Xi,Xo) 

for every v € S" _1 . 

We say that (U, ip) is a structured chart if it is a A-structured chart for some 
A > 0. 
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Note that a structured chart is also a chart and so we may consider the derivative 
of a real valued function with respect to a structured chart. The following Lemma 
shows that we may just consider structured charts when working with a Lipschitz 
differentiability space. 

Lemma 3.7. Let (U, tp) be an n- dimensional chart in a metric measure space 
(X, d, fi) such that 

Lip(w • tp, xq) > 

for every v G §" _1 and almost every xq G U . Then for any e > there exists a 
U' C U with fi(U \ U') < e and a countable set N C X such that ({/' U N, tp) is a 
structured chart. 

In particular, we may decompose any Lipschitz differentiability space into a [i- 
null set and a countable collection of structured charts with respect to which any 
real valued Lipschitz function is differ entiable almost everywhere. 

Proof. For xq, x\, . . . , x n G X let us denote by P(xq; x±, . . . , x n ) the property 

\(tp(xi) - tp(x )) ■ v\ 
max - > A for every d£S . 

l<i<n d(Xi,Xo) 

Then for any i?, A, r > 0, the set of xq G U for which there exist Xi, . . . , x n G X 
with r < d{Xi, xq) < R for each 1 < i < n and such that P(xq; x\, . . . , x n ) holds is 
an open set. Therefore, the set of those Xo G U that satisfy (|3.1j) for a given A > 
is a Borel set. In particular, for any e > there exists a compact U' C U with 
fi(U \ U') < e, so that (U 1 , tp) is still a chart, and a A > such that every point of 
U' satisfies (gH) for A. 

Now let R > and A be as found above. The function 



xq h- sup < min d(xi, Xq) : d(xi, xq) < R and P(xo; Xi, . . . , x n ) 

I l<i<n 

is positive and lower semicontinuous on U' . Therefore, there exists an r > 
such that this function is bounded below by r on U'. Let y , . . . ,y M be a finite 
Ar/2 Lip tp-net of U' and for each 1 < j < M let x{, . . . , x J n € X with r < d(x\ ,y^) < 
R for each 1 < i < n and such that P{y^; x{, . . . , x J n ) for each 1 < j < M. We set 

N R = {x\ ' : 1 < i < n, 1 < j < M}. 

Then for any xo G U' and v G S™ _1 , there exists a yi with d(xo ) y 3 ) < Ar/2 Lip tp 
and al<i<n such that 

max \(tp(x{) - tp(x j) ■ v\ > \(tp(x{) - <p{y J )) ■ v\ - \\tp(y 3 ) - <p(x )\\ 

l<i<n 

>\d(xi,yi)-\d(xi,y j )/2 
> \d(xj, xq)/ (2 + \/ Lip tp) 
:= X'd(xi,x Q ). 

Therefore, if we define N = \JiN\/i and V = U' U N, for any xq G U' there exists 
a sequence V 3 x m —> xq that satisfies (|3.1j) for A'. Moreover, since each Ni/k is 
a finite subset of B(U', A Lip tp/2k), for any sequence x m G V either there exists a 
constant subsequence or d(x m , U') — !• 0. In particular, V is compact and so (V, tp) 
is a structured chart. 
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Finally, in a Lipschitz differentiability space N is a /i-null set and so (V, tp) 
is a chart with respect to which any Lipschitz function is differentiable almost 
everywhere in V. □ 

To conclude this section we highlight a key fact that will be used when inves- 
tigating Alberti representations in Lipschitz differentiability spaces. This result 
should be compared to the concept of a gradient (see Definition 12. 11 1) . We will use 
this without any specific reference. 

Lemma 3.8. Let (U, </?) be a chart in a metric measure space {X, d, fi) and 7 € 
T(X). Suppose that for some non-isolated t G D0H17 and f : X — > M, / is differ- 
entiable with respect to (U,(p) at j(to) and that (</? 7)'(£q) exists. Then 

(f°i)'(t ) = Df(x )-(<po 1 y(to). 

Proof. If 7 is L Lipschitz and 7(^0) = %0y use the triangle inequality and the fact 
that 

r |P( 7 ffl)~P(7fa))l , T ,. \P(x)-P(x )\ 
limsup : : < L limsup — ; r 

Dom r y3t—>-to |^ ^0 j Im-yBx-^xo Xq J 

for any P: A ^R. □ 



4. Construction of a non-differentiable Lipschitz function 

In the following section we will see that a metric measure space possesses many 
Alberti representations whenever a certain class of subsets have measure zero. Fol- 
lowing this we will show that such subsets do have measure zero in a Lipschitz 
differentiability space by constructing a Lipschitz function that is differentiable 
almost nowhere on such a set. 

In this section we present a general method for constructing a Lipschitz func- 
tion that is not differentiable on a given subset of a structured chart with certain 
properties. Note that the construction does not use the fact that we work inside a 
Lipschitz differentiability space, just that we have a chart structure. 

We will construct such a Lipschitz function from a given sequence of Lipschitz 
functions. The first step will be to modify each function in such a sequence in the 
following way. 

Lemma 4.1. Let (X,d,fi) be a metric measure space, h > 4e > and L > 0. 
Then for any L-Lipschitz f : X — ¥ M and Borel S C X there exists an L-Lipschitz 
f: X -> R and Borel S C S with fj,(S) > (1 - 4e/h)^i{S) such that: 

(1) The support of f is contained within B(S,2h/L). 

(2) 0<f<h. 

(3) For every x, y £ B(S, h/L) with x ^ y, 

\m-f(y)\ < !/(») -/(!/)! ^ 

d(x,y) ~ d(x,y) 

(4) For every xq £ S and x £ X with < d(x, xq) < e/L, 

|/>)-/>o)| _ \f(x)-f(x )\ 



d(x,x ) 



d(x,x ) 
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Proof. Let M be the greatest integer less than h/4e and for each < k < M define 
Z k (t) = d(t, 2ek + 2/iZ) and f k = Z k o / : X -> K. Then each / fc satisfies © and 
©. Now define 

F fc = {x € 5 : d(f(x ),2ek + 2hX) < e}. 

Then for integer < fc < M, the F& are disjoint Borel subsets of 5*. Indeed, 
if £0 <E F k n F k < then there exists an n £ N with \k — k' + hn/e\ < 1. Since 
|fc — k'\ < h/Ae and h/e > 4, this can only happen if n — and k — k' and so such 
-Ffc and -FV are either disjoint or equal. Therefore, there exists an m with 

KFm) < KS)/M < 4efi(S)/h. 

We set S = S \ F m so that, for xq £ S and x £ X with d(x, xq) < e/L, 

\f m (x) - f m (xo)\ < e and d(f(x ), 2em + 2hZ) > e. 

In particular 

\frn{x) ~ f m (x )\ = \f{x) - /(x )| 

and so ((H) holds. 
Finally we define 

/: B(S, h/L) Ul\ 5(5, 2/i/L) ^ K 

7m x£B(S,h/L) 
x £ X\B(X,2h/L). 



Then, since < / < /i, / is L-Lipschitz and so we may extend it to a function on 
the whole of X that satisfies the required properties. □ 

We now give the main Lemma required for the construction of a non-differentiable 
Lipschitz function. It takes a set 5 and a sequence of Lipschitz functions that, in 
some neighbourhood of 5, witness both large and small difference quotients at all 
points of 5 and combines them to construct a Lipschitz function that witnesses 
such difference quotients in all neighbourhoods of 5. Later in this section we will 
see that such a function cannot be differentiable at any point of 5. 

Lemma 4.2. Let (X,d,ii) be a metric measure space, 5 C X Borel and L,/3 > 0. 
Suppose that there exists a sequence of L-Lipschitz functions f m : X — ► M such that: 

(1) For every xq £ 5 there exists an M £ PJ smc/i t/iat for each m > M there 
exists an x £ X with < d(x, Xq) < 1/m and 

\frn(x) - fm{x )\ > Lf3d(x,X Q ). 

(2) For every m £ N there exists a p m > such that, for every xq £ 5 and any 
y,z £ B(x ,p m ), 

\fm(y) - f m (z)\ < d(y,z)/m. 

Then for any a > and Ri > t{ > smc/i i/iaf Ri,ri — > 0, there exists i(k) — > 00 
and a Lipschitz function F: X — > R smc/i that: 

• For almost every xq £ S, Lip(F, xq) > L/3 — a. 

• For every k £ N, xq £ S and x £ X with r^ < d(x,xo) < Ri( k ), 

\f(x)-f(xo)\ ^ 
d{x,x ) ~ 
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Proof. By dividing by L if necessary, we may suppose that L = 1 and by taking 
a suitable subsequence we may suppose that Ri < r^-i for each i £ N. We define 
sequences m(k), i(k) — > oo inductively as follows, choosing m(0) = i(0) = 1. Given 
m{k) and i(k) choose i{k + 1) > such that 

^(fe+i) < Pm{k) and r i(fe+1) < 2~ {k+1) ar l(]) 
for every j < k. Then choose m(fc + 1) such that 

< 2-( fe+1 V l(fe+1) and m(fc + 1) > 2 fe+1 / a . 

to(/c + 1) 

Note that these conditions imply, for every j £ N, 

^2 r Hk) < any) and l/m(fc) < a. 

We define 1-Lipschitz functions g k '■ X — > K and a Borel set 5^ C 5* by applying 
LemmaBTTlto / m(fc ) with h = and e = l/m(fc). Then /Li(Sfc) > (l-2 3-fe )//(S) 

and the have the following properties: 

(1) The support of g k is contained within B(S,ri( k ))- 

(2) 0<g k <r m /2. 

(3) For every Xq £ S k there exists an x with < d(x,xo) < l/m(k) such that 

\gk(x) -g k (xo)\ > 
d(x,x ) ~ 

(4) For every xq £ S and any x, y £ B(xq, Ri( k )) with x ^ y, 

\9k{x) - Qk{y)\ < 1 



d{x,y) m(k) 
Finally we define F — J^ fc g k and 

mGN fc>m 

a set of full measure in S. 

We first show that F is Lipschitz. Let x 7^ y £ X with 

n(k+i) < < n(k) 

and suppose that, for some k' < fc, 

Ifffe' (x) - g k > (y) I > d(x, y)/m k > ■ 
Then one of x or y must necessarily belong to B(S, r^j,)). However, 

d(x,y) < r l(k] < r l(k , } 
and so there exists an xq £ S such that 

x,y £ B{x ,2r i{kl) ) C B(x , R l{k ,^ 1} ). 
Since the Ri( k ) strictly decrease we have, for all j < k', 

\9j(x) ~9j(y)\ < d(x,y)/m(j). 



STRUCTURE OF MEASURES IN LIPSCHITZ DIFFERENTIABILITY SPACES 



19 



In particular this can only happen for at most one value of k! < k. If such a k' does 
not exist set k' = k. Then we have 

\F(x)-F(y)\< ]T \g j (x)-g j (y)\ + \g k <(x)-g k ,(y)\+ ]T \ gj (x) - 9j (y)\ 

k'=tj<k j>k+l 

< d(x,y)/m{j) + 2d{x,y)+ ^ r i{j) /2 

k'^j<k j>k+l 

< (a + 2)d(x, y) + ar i(k+1) 

< 2(a+l)d{x,y) 

and so F : X — > R is Lipschitz. 

Now let G 5" and i(eN such that x e Sfc for each k > K. Then for each 
k > K there exists anxel with < d(x, x ) < l/m(k) such that 

\gk(x) -gk(xg)\ > 
d(x,x ) ~ 

Note that we also have x G B(S, Ri(j)) for any j < k and so 

\F(x) - F(x Q )\ > \g k {x) - g k (x )\ - ^ l&fa) ~ •^K)! - \9i{x) ~ 9r( x a)\ 

j<k j>k 

> (3d(x,x ) -^2d(x,x )/m(j) - ^V i(j )/2 

> /3d(x,xo) — ad(x,xo) — otr^k) 
>(/3- 2a)d(x,x ). 

Such an a; exists for each k> K and so Lip(F, x ) > (3 — 2a. 

Now let xo € S and for any fc € N let x e X with r,(fc) < d(x,x ) < Ri( k ). Then 

- F(x )\ < \9j(x) - gj(x )\ + \9j( x ) - 9j(xo)\ 

j<k j>k 

< ad(x,x a ) +^r i(j) /2 

3>k 

< 2ad(x,xo)- 

Therefore, F satisfies the conclusion of the Lemma for 2a. □ 

By combining this construction with the definition of a structured chart, we show 
that the constructed function is diffcrentiable almost nowhere on such a set. 

Proposition 4.3. Let (U, (p) be a structured chart in a metric measure space 
(X,d,fi), S C U be Borel and L,(3 > 0. Suppose that there exists a sequence 
of L-Lipschitz functions f m : X — >• M such that: 

(1) For every x € S there exists an M € N such that, for each m > M, there 
exists an x <G X with < d(x,Xo) < 1/m and 

\fm(x) ~ fm{xo)\ > Pd(x,X ). 

(2) There exists a p m > such that, for every Xq € S and any y,z G B(x , p m ), 

\f m (y) ~ fm{z)\ < d(y,z)/m. 
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Then there exists a Lipschitz function F: X — > R that is differentiable [i-almost 
nowhere on S . In particular, if X is a Lipschitz differentiability space, then S is 
/i-null. 

Proof. For A > let (U, ip) be a A-structured chart and choose a < A/3/ (Lip ip+1). 
Then by the definition of a structured chart, there exist positive Ri > ri — > such 
that, for almost every xq € U and every i G N, there exist x±, . . . , x n € U with 
ri < d{xj,x$) < Ri and 

max > A 

l<j<n d{Xj,X ) 

for every v € S n_1 . We apply Lemma |4~21 to obtain a Lipschitz function F: X — > K 
and — > oo such that, for almost every xo G 5, Lip(i^, xo) > /3 — a and for every 
fceN and i£X with r^j.) < (i(a;,a;o) < Ri(k)i 

\F(x)-F(x )\ <a 

d(x, Xq) 

In particular, there exists a sequence x rn — ¥ xq satisfying (|3.1[) for A such that 

,. . t \(f{x mn +i) - f(x )) ■ v\ 
limmf max < a. 

m^oc 0<i<n d{x mn +i,X ) 



Therefore, by Lemma 13.41 and our choice of a, F is not differentiable at almost 
every point of S. □ 

The following result first appeared in jBSllj , however we now give a short proof 
as this result will be required when establishing our characterisations of Lipschitz 
differentiability spaces. We first require some notation. 

Definition 4.4. Let (X, d) be a metric space, S C X Borel and xq G S. We say 
that S is porous at xo if there exists an rj > and X 3 x m — > xq such that 

B(x mi i]d(x m , x )) n S = 0. 

Further, we say that S is porous if it is porous at xq for each xo G S. 

Corollary 4.5 ( [BS11] . Theorem 2.4). Porous sets in a Lipschitz differentiability 
space (X, d, /i) have measure zero. 

Proof. For any porous set S C X there exists a countable Borel decomposition 
S = UiSi U N and a sequence r\i > such that /it(iV) = 0, each is compact and 
contained within a structured chart and for each i G N and xq G Si, there exists 
x m — > xq such that 

B(x m ,T]id(x m ,x )) n Si = 0. 
Then for any r > and z G N, the function 

xq h> sup{d(x,xo) < J" : d{x,Si) > r]id(x, xq)/2} 

is well defined, strictly positive and lower semicontinuous on Si and so there exists 
an e rj i > such that it is bounded below by e r ^. Then the functions 

f m (x) = min{d(x, Si) - e i/m>i , 0} 



satisfy the hypotheses of Proposition 14.31 for Si and so Si is /i-mill. In particular, 
S is also /x-null. □ 
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4.1. Additional remarks on Lipschitz differentiability spaces. We give sev- 
eral simple consequences of Proposition 14. 31 

Corollary 4.6 ( jBSllj . Corollary 2.7). For any measurable subset Y of a Lipschitz 
differentiability space (X,d,fi), (Y,d,/i) is a Lipschitz differentiability space with 
respect to the same chart structure. 

Moreover, the derivative of a real valued Lipschitz function in Y agrees with the 
derivative of any Lipschitz extension of f to X, almost everywhere. 

Proof. Let /: Y — > R be Lipschitz and (U,ip) a A-structured chart of dimension n 
in X. We may extend / to a Lipschitz function defined on X and so, for almost 
every xq G Y n U, there exists a unique Df(x Q ) such that 

limsup \f(x)-f(x )-Df(x )-(<p(x)-<p(x ))\ = Q 
d(x,x ) 

This Df(xo) will also be a derivative for the metric measure space (Y, d, //), provided 
it is unique. As seen in Lemma 13.31 such a Df(xo) is not unique if and only if there 
exists a v G §™ _1 such that 

limsup \M^£MtA = . 

Y3x^>x d(X 7 X ) 

However, since (U,ip) is a A-structured chart in A, there exist X 3 x m — ¥ xq with 

lim \(<p(x m ) - <p(x )) ■ v\ > 
m^oo d(x m ,xa) 
By combining these two relations and using the fact that tp is Lipschitz, we see that 
B(x m ,\d(x m ,x )/2Up<p) n Y = 

for sufficiently large m. In particular, for each v G S™ -1 , the set of such a;o is a 
porous set in X. By taking the union of such xo over a countable dense subset of 
S n_1 , we see that the set of those xo where Df(xo) is not unique is ^j-null. Therefore 
the derivative of / in A is also the derivative of / in Y, almost everywhere. □ 

We also show how we may apply the construction of a non-differentiable Lips- 
chitz function when we only have control over the infinitesimal behaviour of such a 
sequence of Lipschitz functions. 

Corollary 4.7. Let (A, d, fi) be a Lipschitz differentiability space, S C X Borel and 
L,f3 > 0. Suppose that there exists a sequence of L-Lipschitz functions f m : X — > K 
such that, for almost every xq G S: 

• There exists an M G N such that, for each m > M , there exists an x G X 
with < d(x,Xo) < 1/m and 

\fm(x) ~ f m (Xo)\ > f3d(x,X ). 

• For each to G N 

Lip(/ m ,x ) < 1/m. 

Then S is /i-null. 

Proof. By Lemma l3.7[ it suffices to prove the result whenever S is contained within 
a structured chart (U,ip). For this, we will apply Proposition 14.31 to a suitable 
subset of S. 

For any e > there exist a Borel S' G S with /«(5') > p.(S) - e, an M G N and 
a sequence p m > such that: 
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For every m > M, xq £ S' and y £ X with < d(y, xq) < p„ 
\fm(y) - f m (xo)\ 



d(y,x ) 



< 2/m. 



• For every m> M and xo £ S' there exists an x € X with < d(x, Xo) < 
1/m and 

\fm{x) - f m (x )\ > 
d(x,x ) ~ 
In particular, for any xq £ S' and y,z € B(xq, p m ) H S', 

\fm(y) - fm(z)\ 



d{y,z) 



< 2/m. 



Also observe that, for any xo € S", there either exists an M' > M and for each 
m > M' an x £ S' with 

|/m(a:) - f m (xo)\ > ^ 2 
d(x,xo) ~ 

or there exists X 3 Xj — > xq such that B(xj,(3d(xj,Xo)/2L) PI S' = 0. Therefore, 
there exists a Borel decomposition S" = S"UP where P is a porous subset of X and 
5"' satisfies the hypotheses of Proposition H31 for the Lipschitz differentiability space 
(S',d,fi). Therefore S" and so S' are /i-null. Finally, since e > was arbitrary, S 
is also /i-null. □ 

Using the previous Corollary, we give an example of metric spaces that can only 
be Lipschitz differentiability spaces when they have zero measure. 

Corollary 4.8. Let (X,d,fi) be a Lipschitz differentiability space, Y C X Borel 
and for each m € N let N m be a 1/m-net ofY. Suppose that, for each m £ N and 
q £ N m , 

\d(x,q) - d(x ,q)\ 
lim sup r = 

X3x^x d(x,X ) 

for almost every Xq £ Y \ U m N rn . Then p{Y) = 0. 

In particular, for any metric measure space (X,d,fi) and < 5 < 1, (X,d 5 ,p) 
is a Lipschitz differentiability space if and only if fi(X) = 0. 

Proof. Suppose that (U, <p) is a structured chart in X and S C Y fl U \ D m N m 
is compact. Then for each m £ N there exists a finite N' m C N m such that 
B(N' m , 1/m) D S. We define the I-Lipschitz function 

f m {x) = d(x,N' m ) = vam.{d(x,q) : q £ AO- 
Then by the hypothesis on the N m , Lip(/ m , xq) = for almost every xq £ S. 

Further, for any x$ £ S let q £ N' m with d(xo,q) minimal. Then d(xo,q) < 1/m 
and 

1/rnQo) - fm(q)\ = ^ 

d(x,q) 

Therefore the hypotheses of Corollary 14 .71 are satisfied for S', so that S' and hence 
S are /z-null. Since S c U \ U m N m was an arbitrary compact set and each N rn is 
separated, Y n U must also be /i-null. 
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Now let (X,d,f^) be a metric measure space and < 5 < 1. For any a > 0, 
| (a + r) s — a s \/r s — » as r — > 0. In particular, for any xo, 2 € (X, tf 5 ) with xo 7^ z, 
we may use the triangle inequality in (X, d) to deduce 

limgu \d?(x,z)-d s (x ,z)\ < |(d(a;o,z) + d(a;, 3:0)^-^(3:0,2)1 = 
i->i d 5 (x,xo) d 5 (x,xo) 

Therefore, by choosing AT m to be any 1/m-net of X, if (X,d s ,p) is a Lipschitz 
differentiability space we must have fi(X) = 0. □ 

Finally, we address the notion of a zero dimensional chart in a Lipschitz differ- 
entiability space. 

Corollary 4.9. Let (X,d,fx) be a metric measure space and U C X Borel. Suppose 
that, for any Lipschitz f : X — > R, 

r \f(x)-f(x )\ 
lim sup r = 

XBHio d(x,x ) 

for almost every xo G U . Then (i(U) = 0. 

Proof. First observe that, for any 3:0 € X, the function 3; i-> rf(x, Xo) satisfies 
Lip(/, xo) > and so singletons must have measure zero in U. In particular, 
almost every point of U is a limit point of U. 

Now, for any m £ N let N m be a 1/m-net of U, S C U \ N m be compact and 
N' m C A^m be finite with B(N' m ,l/m) D S. We define 

/ m (x) = d(x, N' m ) = min{d(x, q) : q £ N' m } 

and let S' C 5 be a compact and p > such that 

\fm{x) - /m(x )| 



d(x, x ) 



< l/m 



for each Xo £ S' and < d(x, xq) < p- In particular, for any xo £ S' and y,z £ 

B( Xo , P )nS', 

\fm{y) - fm(z)\ < 1 , 

d(y,z) 

Moreover, for any xo £ S' there exists a x £ U with < d{x, Xo) < l/m and 

|/m(-c) - /m(-Co)| 



d(x,x ) 



= I. 



We apply Lemma 14721 to obtain a Lipschitz function F : X — > R with Lip(F, xo) > 
for almost every xo £ S'. Therefore S' and hence 5 and X are /i-null. □ 

Remark 4.10. Suppose we choose to define the lim sup of a function at an isolated 
point to equal zero (as is the case in [Kei04 ). Then this Corollary shows that a 
set in a Lipschitz differentiability space is a chart of dimension zero if and only if 
almost every point is isolated. This answers the question raised in Remark 2.1.3 
of |Kei04j on the nature of charts of dimension zero. 
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5. The existence of Alberti representations 



5.1. A single representation. We now give a characterisation of the metric 
measure spaces with many independent Alberti representations (see Definition 
12.101) . Our method relies upon the Gliksberg-Konig-Seever Decomposition The- 
orem, which we state first. 

Theorem 5.1 ([Rud08 , Theorem 9.4.4). Let (X, d, fi) be a compact metric measure 
space and K a weak* -compact, convex and non-empty set of regular Borel probability 
measures on X . Then there exists a Borel decomposition X = A U S such that 
/i L A <C v for some v £ K and k{S) = for every k £ K . 

We would like to apply this Theorem with K a set of normalised TL 1 measures 
supported on elements of a compact subset of T(X) (see Definition I2.1[) . However, 
this set need not be compact. Instead, in the following Lemma, we apply it with 
K a set of normalised H 1 measures supported on elements of a compact subset 
of n(X) (see Definition 12. ip . Following this, we will use this Lemma to obtain a 
conclusion in terms of r(A). 

Lemma 5.2. Let (X,d,/i) be a compact metric measure space and J C H(X) 
closed. Then there exists a Borel decomposition X = A U S and an Alberti repre- 
sentation A of /il A such that: 

(1) Almost every 7 £ A belongs to J . 

(2) For every 7 £ J, ft 1 (7 nS) = 0. 

Remark 5.3. If /1 gives measure zero to any set S that satisfies then A is 
an Alberti representation of /i. Observe that, from the definition of an Alberti 
representation, this condition is is also necessary for a representation of /z satisfying 
(JTJ) to exist. Therefore, this Lemma gives a characterisation of the existence of such 
an Alberti representation. 

Proof. If J is empty then setting A — and A — (0, {TL 1 L 7}) completes the 
proof. Otherwise, for each k £ N let Jk be the set of fc-biLipschitz 7 £ J with 
Dom7 c [—k,k] and £ 1 (Dom7) > 1/k. Then by Lemma [2.71 since J C U(X) is 
closed, each Jk is isometrically equivalent to a closed subset of the compact subsets 
of [— k, k] x X with the Hausdorff metric, and so is compact. 

Now fix k £ N and for each 7 £ Jk let "H 7 be the pushforward of the Lebesgue 
measure on D01117 under 7, multiplied by a suitable scalar such that % 7 is a 
probability measure. Then since Jk is compact, the set of such measures is weak*- 
compact and so K, its weak*-closed convex hull, satisfies the hypothesis of Theorem 
15.11 Moreover, probability measures on J/- are weak*-compact and so any measure 
v £ K is of the form 



for some Borel probability measure P' on LT(A) with P'(Jfc) = 1. 

Therefore, Theorem 15.11 gives a decomposition X — Ak U Sk where /il4 is 
absolutely continuous with respect to some v £ K and H 7 (Sk) = for every 7 £ Th- 
in particular, an application of Lemma [2~3l constructs an Alberti representation Ak 
of \i l Ak from v such that almost every 7 £ Ak belongs to Jk and TL l {pi n Sk) = 
for every 7 £ Tk- Finally, if we define A — UkAk and S — C\kSk, then X — Ai) S 
is a Borel decomposition of X such that, by Lemma \2A\ /il A has an Alberti 
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representation A such that almost every 7 £ ^ belongs to J, and such that S 
satisfies H 1 ^ n S) = for every 76 J with £ x (Dom.7) > 0. Since H 1 ^ H 5) = 
for any 7 € J with £(Dom7) = 0, this decomposition is of the required form. □ 

We summarise the exact setting in which we will use the above Lemma. Not only 
does the resulting Alberti representation have a direction but we may also control 
the magnitude of the partial derivatives of a finite number of Lipschitz functions. 
Later (in Definition 15. 7p , this will be developed into the notion of the speed of an 
Alberti representation. 

Corollary 5.4. Let (A, d, /z) be a compact metric measure space and, for some n G 
N, let <p,ip: X —> K™ be Lipschitz. Then for any cone C C K" and Si, . . . , 5 n > 0, 
there exists a Borel decomposition X = A U S such that: 

• There exists an Alberti representation A of /il A in the ip-direction of C 
such that, for almost every 7 g A, 7 belongs to 11(A) and 

Wi°i)'{to)\\ > ^Lip(7,i ) 

for almost every to 6 D01117 and every 1 < i < n. 

• H x (7 n S) = for every 7 € n(A) in the (p-direction of C with 

(5-1) \\Ul{t))~ ^(7(0)11 ><yi7(*)-7(*')ll 

for every t,t' € D0U17 and every 1 < i < n. 

Proof. Let 7 m S n(A) be a sequence of Lipschitz curves in the ^-direction of C 
and, for some 7 G II(X), suppose that 7 m — > 7. Then for any t, t' G Dom.7 and for 
each m € N there exists t m ,t' m € Dom7 m such that 

7m(*m) -> 7(*) and 7m (O -> 7( f ')- 

Then 

(^(7(i)) - ¥ , (7(*'))) ' ^ = lim (V(7m(*m)) - V(7m(*m))) ' ^ 

m— >oo 

> lim (1 - 0)||y(7m(*m)) - V(7m(*m))|| 

m— >oo 

= (1-0)IM7(*))-¥>(7(O)II 
so that 7 is in the (/^-direction of C. Similarly, if each 7 m satisfies (|5.ip for every 
t,t' <E Dom.7 and every 1 < i < n, then so does 7. Therefore, the set J of all 
7 € n(A) in the ^-direction of C that satisfy (I5.1[) for every 1 < i < n and every 
t, t' G Dom.7 is closed. Moreover, for any 7 G J, 

||(lk°7)'(*o)ll >«iLip(7,*o) 
for almost every to G Dom7 and each 1 < i < n. By applying Lemma 15.21 to J we 
obtain a decomposition A = A U 5 of the required form. □ 

Observe that, if A is a metric space such that n(A) only contains Lipschitz 
curves 7 with D0H17 a single point, then the decomposition A = 0, S = X satisfies 
the conclusion of the previous Lemma. To obtain a meaningful result, we will 
instead apply the Lemma to the closed, convex hull of an isometric copy of A 
within a Banach space B. In this case n(Z?) is very rich and so we obtain a much 
stronger conclusion. 

So that we may describe such an Alberti representation purely in the language 
of the metric space, we now investigate Lipschitz curves in the singular set S. 
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Lemma 5.5. Let B be a Banach space, X C B closed and convex and let ip,ip: B — > 
R" be Lipschitz. For a cone C C M. n and Si,...,S n > suppose that a Borel set 
S C B satisfies H 1 ^ fl S) — for all 7 £ n(X) in the (p-direction of C with 

Hi(l(t)) -^(7(f))ll>*ill7W- 7(011 
for every t,t' £ D01117 and each 1 < i < n. Then for any measurable Del and 
Lipschitz D ^ X the set 

{t GD: (po7)'(to) G C° and |(V>i o 7 )'(t )| >^Lip( 7 ,t ) V 1 < i < n} 
is Lebesgue null. 

Proof. Suppose that the conclusion does not hold for some measurable D C E of 
positive measure and 7: D — > X. We will construct a new function 7 e n(X) that 
agrees with 7 on a set of positive measure and satisfies the conditions given in the 
hypotheses of the Lemma, producing a contradiction. 

By standard measure theoretic techniques, there exist € E™, b, £ > and 
8[ > 5i with 

B($,0 C C and each |*,| > 5[b 
such that, for every e > 0, there exists a bounded D' C D of positive measure with 

||(¥>o7)'(i )-$|| <e, |(^°7)'(io)| > and Lip( 7 ,i ) <& 

for every 1 < i < n and to £ D 1 . Let D' be such a set for some choice of 

< e < min{||$||,£}. 

Further, let R > and £)" C £)' have positive measure such that, for every t £ D" 
and every t £ D01117 with \t — t \ < R, 

\\<p(l(t)) - ¥>(7(*o)) - *(* - *o)|| < ejt - *o|, 

for each 1 < i < n 

IV'i(7(t))-V'i(7(to))|>|*i(t-to)| ) 

and 

||7W-7(*o)||<6|t-*o|. 

We set Do to be the intersection of D" with an interval of diameter R chosen so 
that D has positive measure, and / to be the smallest closed interval containing 
D . Finally, we define 7 to equal 7 on D and extend 7 to I whilst maintaining 
the Lipschitz constant by first extending to the closure of Do and then linearly on 
the connected components of the complement. 

First observe that, since X is closed and convex, I1117 C X. Further, since j\d 
is in the (^-direction of C, % 1 (7(1)0)) > 0. Now, for any connected component 
(c, d) of I \ Do , let c m , d m £ Do with c m — > c and d m —> d. Then 

Wfilic)) - ¥>(7(d)) - $ ( c - <0II = lim \\f{l{c m )) - V{l{d m )) - *(c m - d m )\\ 

< e\c-d\. 

Similarly 

l^(7(c)) - Vi(7(d))l > |*i(c-d)| 

for each 1 < i < n and 

||7(c) -7(d) || <6|c-d|. 
In particular, since 7 is extended linearly to (c,d), for almost every to £ I, 

\\(<p°7Y(to)-n<e 
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so that 7 is in the (/^-direction of C. Similarly 

|(^°7)'(io)| > 
for each 1 < i < n and, for every t, t' G /, 

\\m-w)\\<b\t-t'\. 

Therefore, for any t < t' £ I, 

\\m- 7(011 >ll¥>(7(*))-¥>(7(f 



(v°7)'(*o) 

'[*.*'] 

>(||*||-e)|t-f| 



so that 7 is biLipschitz and so belongs to n(X). Similarly, for any 1 < z < n, 

l^(7(*))- ^(7(0)1= / W>i°7)'(*o) 
V[t,t'] 

><yj6|t-t | 

>^||7W-7(*')II- 
Therefore 7 satisfies the hypotheses of the Lemma and so 
= ^(7 5) >U X ( 7 (I>o)) >0, 

a contradiction. 



□ 



To apply these results to a metric measure space, we now define an embedding 
into a Banach space that exposes additional structure given by some Lipschitz 
functions defined on the metric space. 

Definition 5.6. For n € N we define B to be the Banach space 

B = W 1 x R" x 

with norm 

|| (tx, s) || = max{ I IuIIr™, \\v\\ R „, \\s\\ e<x3 }. 

Further, suppose that (X, d) is a metric space and ip,tp: X — > R™ Lipschitz. 
We fix a biLipschitz embedding t: X — > ^ and define the biLipschitz embedding 
i* : X -> B by 

a; i-> {<p(x),iJ)(x),l(x)). 
We identify X with its image in B under 1* and note that the projection Pi onto the 
first factor (respectively P2 onto the second factor) in B agrees with ip (respectively 
ip) on X. In particular, for any 7 G r(A), the derivative (ip o 7)' (respectively 
(1/1 o 7)') agrees with (Pi o 7)' (respectively (P2 o 7)') almost everywhere. 

Finally, we define an additional property of an Albcrti representation. The speed 
of an Alberti representation quantitatively describes how the partial derivative of a 
Lipschitz function with respect to the Alberti representation compares to the infini- 
tesimal behaviour of such a function. This notion will have a particular importance 
when characterising Lipschitz differentiability spaces when we will be interested in 
Alberti representations with speed independent of the Lipschitz function. 
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Definition 5.7. Let (X,d) be a metric space, ip: X — > M. n Lipschitz and 5 > 0. 
We say that 7 G r(X) has speed S (or (p-speed S whenever the implied Lipschitz 
function is not clear) if for almost every to G Dom7, 

||(^°7)'(*o)|| > «Lip(vJ,7(*o))Lip(7,*o). 
Further, we say that an Alberti representation A has speed S (or i^-speed S) if almost 
every 7 g .4 has speed (5. 

Corollary 5.8. Le£ (X, d, /i) be a metric measure space and ip,ip: X — > 1™ Lips- 
chitz such that Lip(^, xq) > for each 1 < i < n. Then, for any cone C C K™ and 
S\, . . . , 8 n > 0, i/iere exists a Borel decomposition X = AU S such that: 

• There exists an Alberti representation of /i L A in the (p-direction of C with 
ipi-speed Si for each 1 < i < n. 

• 'H 1 (7 H S) — /or any 7 € r(A) m £/ie (p-direction of C° with ipi-speed 
strictly greater than Si, for each 1 < i < n. 

In particular, for any cone C C R" there exists a Borel decomposition X — A US 
where has an Alberti representation in the (p-direction of C and H 1 (7 '(1 S) = 

for any 7 € r(A) in the p-direction of C . 

Proof. Fix A > 1, k\, . . . , k n £ Z and let F C X be compact with 

A- fc ' >Lip(V>i,z ) > A-* 4 " 1 

for every xq G Y and every 1 < i < n. Since Y is compact, it's closed convex 
hull Y is also compact. By applying Corollary 15.41 to (Y, d, /i) we obtain a Borel 
decomposition Y = Y a U Y s such that: 

• There exists an Alberti representation A of /1 1_ Y a in the (/^-direction of C 
such that 

IW>i°7)'(*o)| >^A fe * Lip( 7 ,to) 
for almost every 7 G .4, almost every to G Dom7 and every 1 < i < n. 

• H x (7 H Ys) = for every 7 G n(Y) in the (^-direction of C with 

l^(7(*))- ^(7(0)1 >^A fe *||7W- 7(011 
for each i, G Dom7 and every 1 < i < n. 

By our choice of A, A has V'i-speed Si for each 1 < i < n. Further, by Lemma 1531 
for any 7 G T(Y) in the (^-direction of C° with each ^-speed strictly greater than 

SiX, H 1 ( 7 ns) = o. 

By varying the k t G Z, there exists a countable cover of X by such Y except for a 
/1- null set and so, after combining the respective representations using Lemma l2.4[ 
for each A > 1 there exists a Borel decomposition X = A\ U S\ where A\ has an 
Alberti representation in the ^-direction of C with i/^-speed Si for each 1 < i < n 
and such that S satisfies V}{pi fl S) = for every 7 in the (^-direction of C° with 
each ^i-speed greater than SiX. Writing A = U\A\ and S = C\\S\ (where the union 
and intersection are taken over A G Q, A > 1), Lemma EH completes the proof. □ 

5.2. Multiple representations. We now improve upon Corollary 15.81 by pro- 
ducing multiple independent Alberti representations of a metric measure space 
{X,d,n). 

Suppose that ip : X — > K™ is Lipschitz and that C\ , . . . , C„ is a collection of 
independent cones in W 1 . Then, by multiple applications of Corollary 15. 8[ there 
exists a Borel decomposition X = A U S such that \i L A has n ^-independent 
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Albcrti representations and S has a Borel decomposition S — Si U . . . U S n such 
that, for each 1 < i < n, W 1 ^!! Si) = for each 7 E F(X) in the (/^-direction of Cj. 

However, as we will see in the next section, the method of constructing a non- 
differentiable Lipschitz function on S requires, for any e > 0, a decomposition 
as above such that each C, has width 1 — e. Of course, for sufficiently small e, 
these cones will not be independent. So that we may produce independent Alberti 
representations and also satisfy this condition for S, we introduce a method that 
reduces the width of a cone that defines the direction of an Alberti representation, 
at the expense of a countable decomposition. 

Corollary 5.9. Let (X, d, /i) be a metric measure space, A d X Borel and tp,ip: X — > 
MP Lipschitz. Suppose that, for some cone C = C{w,6) C W 1 , \i\-A has an Alberti 
representation A in the tp-direction of C such that \(ipi °7)'(^o)| > f or almost ev- 
ery 7 £ A, almost every to £ D01117 and every 1 < % < n. Then, for any countable 
collection of cones C m with 

(J C° m DC\{0}, 

there exists a countable Borel decomposition A — UkAk such that each fj, i_ Ak has 
an Alberti representation Ak in the ip-direction of some C m with ipi-speed strictly 
greater than 1/k, for each 1 < i < n. 

Moreover, if for some S±, . . . ,d n > 0, A has ^pi-speed strictly greater than Si for 
each 1 < i < n, then so does each Ak ■ 

Proof. By applying Corollary 15.81 using each cone C m in the hypotheses and each 
§i = 1/k, we obtain a countable Borel decomposition of A into a sets Ak such 
that each fj, l Ak has an Alberti representation of the required form and a set S 
that satisfies H 1 (7 H S) = for each 7 £ T(X) in the (^-direction of some and 
with positive ipi-speed for each 1 < i < n. Therefore, since the cover C \ {0}, 
S satisfies this for all 7 in the yj-direction of C with positive ipi-speed for each 
1 < i < n. Since [i L A is represented by A, n(S) = 0. 

Now suppose that S[ > Si and that A has ^-speed S[ for each 1 < i < n. Then 
if we repeat the same process but for each 1 < i < n take each Ak to have ipi- 
speed between S[ and Si, we obtain the same decomposition but with S satisfying 
■H 1 (7nS') = for each 7 in the ^-direction of C with ^-speed S[ for each 1 < i < n. 
Again, since fi L A is represented by A, n(S) =0. □ 

Definition 5.10. We will refer to the above process of obtaining new Alberti 
representations with the same properties as an existing representation but in the 
direction of thinner cones as refining an Alberti representation. 

The requirement in the previous Corollary that both (p and ip take values in 
the same Euclidean space is not necessary. Indeed, suppose that (A, d, fi) is a 
metric measure space satisfying the hypotheses of Corollary 15.91 for <p : X — » M™ 
and ip : X — > W n Lipschitz. If to < n then by repeating any n — to + 1 coordinate 
functions of ip, we obtain a Lipschitz function ip into R". Similarly, if n < m, we 
may define a Lipschitz function vp into R m and w £ R m by ipi = ipi and Wi = Wi 
for 1 < i < n and tp^ = wt — for n < i < m. Then a Lipschitz curve is in the 
t/j-direction of C(w,8) if and only if it is in the ^-direction of C(w,8). In both 
cases, the original hypotheses of Corollarv l5.9l are satisfied and it's conclusion gives 
us Alberti representations of the required form. 
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We will require refinements of Alberti representations that maintain the speed 
of a vector valued function. Suppose an Alberti representation A of (A, d, /i) is 
in the ^-direction of a cone C, so that \\(<p o t) ' (*o ) 1 1 > for almost every 7 G A 
and almost every to € 7. Then we may refine A into Alberti representations, each 
with positive (^-speed. Further, suppose that A has (^-speed strictly greater than 
5, for some 5 > 0. Then there exists a countable Borel decomposition X = U,Xj 
and for each i, rational Si . . . , 8 n > with 8f + . . . + 5* > S 2 such that A l Xi 
has t^i-speed strictly greater than 8i, for each 1 < i < n. Therefore, we may take 
arbitrary refinements of A, each with <y9-speed strictly greater than 8. 

As in previous constructions, we will find multiple independent Alberti represen- 
tations of a metric measure space (X, d, /it) by finding decomposing X into two sets; 
one set on which fj, has many independent Alberti representations and another, sin- 
gular, set. We now define the general form that such a singular set takes. In fact, 
we will later see that such sets play a fundamental role when determining whether 
a metric measure space is a Lipschitz differentiability space. These sets, and the 
methods involving them in the following section, are a natural generalisation of 
those considered in jACP] in which the authors investigate measures on Euclidean 
space with respect to which Rademacher's Theorem holds. 

Definition 5.11. Let (X, d) be a metric space, ip: X — > M. n Lipschitz and 5,9, X > 
0. We define A(tp; 5, 9, A) to be the set of S C X such that: 

• For every xq G X, 

Lip(« • If, Xq) > A Lip(( y £>, Xq) Vf € S™ . 

• There exists a countable Borel decomposition S = UkSk and a countable 
collection of closed cones Ck C K™ of width 1 — 9 such that each Sk satisfies 
H 1 (7 n Sk) = for each 7 G T(X) in the (^-direction of Ck with cp-speed S. 

Further, we define A(8, 9, A) to be the set of S C X for which there exists a countable 
Borel decomposition S = UkSk and a sequence of Lipschitz functions ipk : X — > R nfc 
such that Sk G A((fk', 8, 9, A) for each k G N. Finally, we define A(<p), respectively 
A, to be the set of S c X for which there exists a A > such that S G A((p; 8, 9, A), 
respectively S G A(8, 9, A), for every 8, 9 > 0. 

Remark 5.12. Observe that A(tp; 8,9, A) C A(ip; 8', 9', A') whenever 8 < 8', 9 > 9' 
and A < A', and hence 1(8, 9, A) C A{8' , 9', A'). 

By combining the previous results of this section we may construct many inde- 
pendent Alberti representations of a measure, one-by-one. 

Proposition 5.13. Let (U,ip) be a X-structured chart of dimension n in a metric 
measure space (X, d, fi) . Then for any < 8, 9 < 1 there exists a countable Borel 
decomposition 

U = S U |J Ui 

such that each fi i_ Ui has n (p- independent Alberti representations with tp-speed 
strictly greater than 8 and S belongs to A((p; 8, 9, X/ Lip ip). 

Proof. Observe that it suffices to prove the result for Lip ip = 1. In this case, by 
applying Corollarv l5 . 8l using a cone of width 1—9, there exists a Borel decomposition 



STRUCTURE OF MEASURES IN LIPSCHITZ DIFFERENTIABILITY SPACES 31 

U = U' U S such that fii-U' has an Alberti representation with <^-speed strictly 
greater than 5 and S € A(ip; S, 9, A). 

Now suppose that, for some 1 < m < n, there exists a countable Borel decompo- 
sition U = UiUiUS such that each \i\-Ui has m independent Alberti representations 
with cp-speed strictly greater than S and S £ A(tp; 5, 9, A). Then, by refining if nec- 
essary, we may suppose that the representations of each /xi_£/i are in the (/^-direction 
of cones of width a, for some < a < yl — 9 2 . 

Now fix an i £ N and let wi, ■ ■ ■ , w m £ §™ _1 such that C(wi, a), . . . , C{w m ,a) are 
independent and /xi_C/j has an Alberti representation in the (^-direction of C(u>j, a), 
for each 1 < i < m. We choose w m +i £ §" _1 orthogonal to Wi, . . . , w m so that, by 
our choice of a, C(wi 1 a), . . . , C(w m , a), C{w m +i 1 9) are independent cones in R™. 
By applying Corollary 15.81 using C(w m+ i,6), there exists a Borel decomposition 
Ui = U[ U Si such that \i L \J[ has m + 1 independent Alberti representations with 
cp-speed strictly greater than 5 and € A((p; <5, 0, A). 

Since S U Si U S2 U . . . G A((p\ S, 9, A), we see that there exists a countable Borel 
decomposition X = UiU- U S' such that each \i L L/j' has m + 1 independent Alberti 
representations and S' € 5, 0, A). By repeating this process n — 1 times we 
obtain the required decomposition. □ 

Theorem 5.14. Let {U,ip) be a X-structured chart of dimension n in a metric 
measure space (A, d, fi) . Then there exists a countable Borel decomposition U = 
UjC/j such that each (i\-Ui has n ip -independent Alberti representations if and only 
if, for every S € A(ip) with S C U, ju(S) = 0. 

Proof. First suppose that, for every S £ A(ip) with S C U, A*(S) = 0. By the 
previous Proposition, for each m £ N there exists a Borel decomposition U = 
U m U S m such that U m has a countable decomposition of the required form and 
S m £ A(<p; 1/m, 1/m, A). This gives a Borel decomposition f7 = S U Z7i U Ui U . . . 
where each Ui is of the required form and S = C\ m S m £ A(cp), as required. 

Conversely, suppose that such a decomposition exists. Then by refining each 
Alberti representation if necessary, for each Uj we may suppose that there exists 
a 5 > and independent cones Ci,...,C n such that for each 1 < i < n, n i_ Uj 
has an Alberti representation in the (^-direction of Ci with (p-speed 5. For such 
a Uj there exists an m £ N such that 1/m < S and such that any cone of width 
1 — 1/m must completely contain one of the Ci. Since Uj has the above Alberti 
representations, for any S £ A{ip; 1/m, 1/m, A), /i(S n [/,) = 0. In particular, for 
any S £ A(<p), fi(S n f7j) = and hence /i(S C\U)=0. □ 

6. First Alberti representations in differentiability spaces 

By combining our previous results, we now prove the existence of independent 
Alberti representations in Lipschitz differentiability spaces. We will apply Theorem 
15.141 to construct independent representations and will show, for any chart (U, ip) 
and S £ A(ip), that n(S fl U) = by constructing a Lipschitz function that is 
diffcrcntiable almost nowhere in such a set, via Proposition 14.31 

6.1. Constructions in Banach spaces. We will again embed our metric space 
into a Banach space. This provides many Lipschitz curves that we may use to 
define the Lipschitz functions required for Proposition 14.31 
In this subsection we fix the following notation for simplicity. 
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Notation 6.1. For n £ N we let B to be the Banach space defined in Definition 
I5.6[ let y>: S — » K" be the projection onto the first factor and fix w £ §" _1 . We 
also fix X C B compact, < <5, 9 < I and S C X closed with tf(TnS) =0 for 
every 7 £ T(JT) in the ^-direction of C{w, 9) with (^-speed 5. 

For each fslwe define Vt '■ R ra — > R ra to be the orthogonal projection onto 

{v £R n : (v — tw) ■ w = 0} 

and define P t : B — > i3 by 

P t (u,v,s) = (V t (u),v,s). 

We also define V = Vo, <fo = m!{(p(x) ■ w : x £ X}, P = P Vo and il to be the 
closed, convex hull of P(X) U X, a compact, convex set. 

Finally, for any Borel V C B, measurable I C K and Lipschitz 7: / — >• 17, we 
define 

0(V,7)= / (ipo^y -w + K(9) f ||7>((^o 7 )')||+<m 1 ( 7 ). 

where #(0) = (f - 9)/y/6(2-6). 

Lemma 6.2. For am/ e > i/iere exists a B-open set V D S such that, for any 
compact interval I and Lipschitz 7: / — > Q with (tpoj)' ■ w > almost everywhere, 

Q(V, 7) > 0(7e) - V(7«)) ■ w - e, 
where j s and j e the endpoints of 7. 

Proof. Suppose that the conclusion is false. Then there exists an e > and for each 
m £ N a Lipschitz 7 m that violates the inequality for the open set V m — B(S, 1/m). 
Since Q is compact, by replacing e by e/2 if necessary, we may suppose that each 
7 m has the same endpoints, 7 S and j e . In particular, for each m £ N, 

W A (7m) < Q(K»,7m)/« < (^(7e)) - p(7a)) ' U>/& 

Therefore, there exists an L > and a reparametrisation of each j m such that each 
is a I-Lipschitz function defined on [0, L] . Further, by the Arzela-Ascoli theorem and 
after possibly choosing a suitable subsequence, there exists a 1-Lipschitz 7 : [0, L] — > 
n such that 7 m — > 7 uniformly. Moreover, since (<p o r y m )' > almost everywhere 
for each m £ N, (ip o 7)' > almost everywhere. We will show that the image of 7 
intersects S in a set of positive measure from which we deduce a contradiction to 
our hypothesis. 

Fix an m £ N and ij > 0. Since (3 = 7 _1 (fi \ V m ) is an open subset of R 
of finite measure, there exist disjoint compact intervals j3\ , . . . , 0n C j3 such that 
C 1 ^ \ Uift) < rj. Therefore, 

Q(V m ,j) < Q(V m , 7| Ujft ) + 77Lip<^. 

Moreover, since —> 7 uniformly and each 7fc(A) is compact, there exists afeN 
such that, for all k > K and 1 < i < N, 7fc(/3j) C fi \ V^n. Therefore, for each 
1 < i < N, by the lower semicontinuity of total variation and of a 4 H 1 (Ima) 
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under convergence of Lipschitz functions on an interval, 

Q<ym,i\ Pi )= I (^t)' -w + k{6) [ wva^o^w+sn 1 ^)) 

< liminf / ( V o lk )' . W + K{d) f ||P((^°7fc)')ll +8% 1 { lk {p i )) 
= liminf Q(V m , 7fcL.). 

k— > oo Hl 

In particular, 

Q(Ym,l) < liminf Q(V m , Jk\ u .g.) + ?7Lip<p. 
Finally, since (ip o 7)' > almost everywhere and Vfe C V m for every k > m, 
Q(Kn,7) < (f ile) - 'fiils)) ■ w - e + rjLipip. 

This is true for all m £ N and r\ > 0. Moreover, since S is closed, P\ m V m = S 
and so 

In particular, by the fundamental theorem of calculus, 

(6.1) e< [ (p 7 )' -w-K{6) f \\V((<p o 7 )')|| - SH 1 ^). 

On the other hand, when 7 is restricted to 

D := {t : {tp o 7 )'(t ) ■ w > (1 - 6)\\(<p o 7 )'(t )|| > (1 - 0)<J Lip( 7 , £ )}, 

it is a Lipschitz function in the 99-dircction of C with </?-speed 5. Moreover, 
Lip(7, £0) > for every £ G -D and so we may decompose D into a Lebesgue 
null set and a countable collection of compact sets Ki on which 7 is biLipschitz. In 
particular, each j\ K S r(X) and so £> n 7~ 1 («S') is Lebesgue null. Therefore, from 
our initial choice of K(6), 

(6.2) f (po 7 )' . W <K(8) f ||^(^o7)')|| +5H l { 1 ). 

By combining equations (|6.1[) and (|6.2p we obtain e < 0, giving the required con- 
tradiction. □ 

We use this result to construct a Lipschitz function on il defined via Lipschitz 
curves connecting points in tt. We will see that functions of this form have the 
properties required to apply Proposition 14.31 

Lemma 6.3. For any e > there exists a B-open set V D S and a (1 + K{8) +5)- 
Lipschitz function f : D, — > R such that: 

(1) For every x,Xo € £1 wit/i (<p(a?) — ip(xo)) ■ w > 0, 

/(a;) — /(a^o) > (vC 2 -) — <p( x o)) 1 u> — (5diamX — e. 

(2) for every y, z contained in a ball B C V", 

|/(y) - /(z)| < - <p(z))\\ + % - z||. 
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Proof. For e > let V D S be the O-open set obtained from an application of 
Lemma 16.21 By our definition of fi, for every x £ fl the straight line segment 
joining P(x) to x lies in f2. Therefore we may define a function /: fl —¥ K by 

f(x)=mfQ(V,j) 

where the infimum is taken over all Z > and all Lipschitz 7 : [0, /] — » fl with 
(ip o 7)' • w > almost everywhere such that 7(0) € f (O) and 7(Z) = X. We will 
call such a curve admissible for x. 

We now use the conclusion of Lemma 16.21 to deduce the required properties of 
/. We first show that / is Lipschitz and satisfies ©. Indeed, let y, z £ ft with 
((f(z) — (f(y)) ■ w > and let 7: [0,1] — > fi be any admissible curve for y. Define 
7: [0,Z + l]->Bty 



7(*) 



7 (t) te[0,l] 
y+(t-/)(z-tf) te (1,1 + 1]. 



Then since (y(z) — <p{y)) • w > 0, (y o 7)' > almost everywhere and so 7 is 
admissible for z. Therefore 

/(*)</(v)+Q(Vi7l [!,,+!]) 

< M + U'm, I + 1]) \ V) + K(9)\\VMy) - <p{z))\\ + W^CftP, I + 1])) 

(6.3) < f(y) + K(0)\\P(<p(y) - <p(z))\\ + S\\y - z\] iiy,ze Ball c V 

(6.4) < f(y) + K(6)\\V(<p(y) - <p(z))\\ +{l + 8)\\y- z\\ otherwise. 

To bound f(y), let 7: [0, Z] — > B be admissible for z and set 

t = inf{f G I : <p(j(t)) ■ w > (p(y) ■ w}. 

Then since (cp o 7)' > almost everywhere, (<p('j(t)) — <p(y)) • w > for all t > to- 
We define 7 by 

{7(f) if < t < t Q 

P v ( y yMt)) t <t<l 
+ (*-!)(» -7(0) *e(/,/ + l]. 

Then j(l + 1) — y and (<p o j)' (t) ■ w = for almost every t G [fo, Z + X], so that 7 
is admissible for y. Further, for almost every t € [to , Z] , 



Therefore 



\r((<P°i)'(t))<v((vojy(t))]\ 

Q(V,7l [w] )< Q(V,7l [t0 ,q) 



and so 

(6.5) /(y) < /(*) + A-(0)||P(p(y) - ^))|| + % - z\\. 

By combining equations (|6.3[) . (|6.4[) and ()6.5|) we see that / is a (1 + A"(#) + 5)- 
Lipschitz function such that, for every y,z belonging to a ball contained in V, 

\f(y) - f(z)] < K{0)]]V{ip{y) - ip{z))]\ + S]]y - z\\. 

To prove |T]) let x,xq £ fl with (<p(x) — <p(xq)) ■ w > 0. By the definition of 
fl and P, the straight line segment 7 joining -P(xo) to xq lies entirely within Q 
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and satisfies (ip o 7)' > almost everywhere and so is admissible for xq. Further, 
V((<p o 7)') = almost everywhere and so 

/Oo) < O(*o) - <p(P(xo))) -w + SWxq- P{x )\\. 
Further, by the conclusion of Lemma |6.2[ 

f(x)>(<p(x)-<p(P(x)))-w-e. 
Therefore, since (ip(P(x)) — ip(P(xo))) ■ w = 0, 

f(x) - f(x ) > (ip(x) - (p(x )) - w-e-6 diamX. 

□ 

6.2. Application to Lipschitz differentiability spaces. We first apply our pre- 
vious construction to subsets of metric measure spaces. 

Lemma 6.4. Let (X, d, /i) be a metric measure space, U C X compact and ip: X — > 
1" Lipschitz. Suppose that, for some w £ < 6 < 1 and S > 0, S C U is 

closed and satisfies "H 1 ^!"! S) — for any 7 € m the ip-direction of C{w,9) 

with ip-speed 5. Then for any e > there exists a (1 + K(9) + S) Lip ip-Lipschitz 
function f : U — > R and a p > suc/i t/iat; 

• For every xq € 5 and x <EU with (ip(x) — ip(xo)) ■ w > 0, 

f(x) - f(x )> (ip(x) - <p(x )) - w-S diam J7 - e 

• For every Xq £ S and y, z £ B{xq, p), 

\f(y) - f(z)\ < K(9)\\V(<p(y) - <p{z))\\ + 8Lip<pd(y, z). 

Here V : MP — ¥ H." is the orthogonal projection onto the hyperplane orthogonal to w 
passing through the origin. 

Proof. Let us identify U with its image in B via the biLipschitz isomorphism l* 
defined in Definition 15.61 (for tp = 0). Note that cp agrees with the projection onto 
the first factor on U and so we may extend ip to all of B by defining it to be this 
projection. Then S is also a subset of B that satisfies 'H 1 (7 PI S) = for every 
7 € r(J7) in the (^-direction of C(w, 6) with y>-speed 8. We denote by \\x — y\\ the 
distance between x and y in B and by o!(a;, y) the original distance between x and 
y in J7, so that 

d(x, y) < \\x - y\\ < Lip tpd(x, y). 
Define / to be the Lipschitz function and V the open set obtained from an 
application of Lemma 15751 Since U C V is compact there exists a p > such that, 
for every xq £ S, B(xq,p) C V. This function has the required properties. □ 

We now combine the functions constructed in the previous Lemma to satisfy the 
hypotheses of Proposition 14.31 for arbitrarily large subsets of any S £ A(ip), for any 
structured chart (U,tp). 

Lemma 6.5. Let {U,ip) be a structured chart in a metric measure space (X,d,fi) 
and suppose that S £ A(ip) with S C U. Then there exists a (3 > and, for any S > 
0, a (1 + 5)-Lipschitz function f: X — > R, a compact S' C S with fi(S') > fJ^(S) — 5 
and a p > such that: 

• For every xq £ S' there exists an x £ U with < d(x, xq) < S and 

\f(x)-f(x )\>Pd(x,x ). 
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• For every xo € S and y,z <E B(xq, p), 

\f(y)-f(z)\<6d(y,z). 

Proof. Let A > such that (U, <p) is a A-structured chart and note that it suffices to 
prove the result for any < 5 < 1/2. For such 6, let < < 1 such that K(9) < 6. 
Then there exists a countable Borel decomposition S — \J{Si and for each i £ N a 
w l e such that U 1 (^r\Si) = for any 7 e in the ^-direction of C(w t ,9) 

with i^-speed S. 

For every ieN, let Qi C 5, be disjoint and compact and let N £ N such that 

^i(Qi U . . . U Qjv) > (i(S)-S. 

Then there exists a h > such that the B(Qi,2h) are disjoint. Further, let < 
AR < min{h, 6} such that (1 - 4i?//i)/x(Qi U . . . U Q N ) > p(S) - S. Then, since 
(U, tp) is a structured chart, there exists an r > such that, for every xo € [/, there 
exists an x € X with r < d{x, xq) < R and 

\(<f(x) - ip(x )) ■ Wj\ > 

d(x,x ) ~ 

We also set < e < min{<5Ar, K(9)} and, for each 1 < i < N, define 

g t : B(Q t ,2h)^R 

to be the (l+2(5)-Lipschitz function obtained from Lemma lfT4"l restricted to B(Qi, 2h) 
for this choice of e, 9 and Wi. Further, we let /$ : B(qi,2h) — > R and Pi C Qi be 
obtained from applying Lemma 14.11 to gi and Qi with the choice of e = R. We 
extend each fi to a (1 + 25)-Lipschitz function defined on X and value zero outsize 
B(Qi,2h). 

Then for any xq € Pi there exists anigl with r < d(x, xq) < R < S and 

1/iO) - /i(»o)| = Iffifc) ~ 0iOo)l 

> - <p(xo)) -Wi\-e 

> Xd(x,x )/i- e 

> (l-5)\d(x,x )/4:. 
Further, we let p > such that, for any y,z <E Ball C B(Qi,p), 

My)-fi(z)\ = \9i(y)-9i(z)\ 

<K(e)\\V(<p(y)-p(z))\\ + ed(y,z) 
< 6(l + 6)d(y,z). 

Finally we set S' = Pi U . . . U P N so that 

> (1 - ±R/h)n{Qi U . . . U Q N ) > fi(S) - S 

and 

/= E «■ 

l<i<JV 

Then since the have disjoint support, / and S" satisfy the conclusion of the 
Lemma for 26 and f3 = A/8. □ 

We now combine all of our previous results to obtain our first statement on the 
structure of measures in Lipschitz differentiability spaces. 
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Theorem 6.6. Let (U, ip) be an n- dimensional chart in a Lipschitz differentiability 
space (X,d,ii). Then any A(ip) subset of U is [i-null. Therefore, there exists a 
countable Borel decomposition 

u=\Ju k 

feGN 

such that, for each k £ N, has n ip -independent Alberti representations. 

Moreover, for any Lipschitz ip : X — > R m and V d U of positive measure, if U' 
has m -independent Alberti representations then m < n. 

Proof. By Lemma 13.71 it suffices to prove that any A(ip) subset S of a structured 
chart (U, <p) is //-null, ff S is such a set, for any e > and each m € N let 
< S m < 1/m so that J2 m $m < e and let f m : X — > R and S m C S be obtained 
by applying Lemma l6~5l with 6 m . Then S' := C\ m S m satisfies fi(S') > fi(S) — e and 
the f m satisfy the hypotheses of Proposition 14.31 for S'. Therefore there exists a 
Lipschitz function diffcrcntiablc /i- almost nowhere on S' . Thus S' and hence S are 
ft null. 

In particular, any A((p) subset of U is /i-null and so, by Theorem 15. 141 there 
exists the required collection of Alberti representations. 

Now suppose that (U, ip) is any chart, ip: X — > M m is Lipschitz and V C U 
has m i/i-independent Alberti representations. Then for almost every xq £ U' we 
have Lip(u • ip,xo) > for each v G S" l_1 . However, for almost every xo e U, 
each Dtpi(xo) exists. Therefore, if m > n, there exists a v G § m_1 such that 
Y2i ViD-ipi(xo) = 0. In particular we have Lip(w • ipT x o) — an d so U' must be 
/i-null. □ 

We now apply our theory of Alberti representations to charts, relating the be- 
haviour of Lipschitz differentiability spaces to the existing differentiability theory 
of Euclidean spaces. Recall the notion of a gradient given in Definition 12.111 

Corollary 6.7. Let (U,tp) be an n-dimensional chart in a Lipschitz differentiability 
space (X,d,[i). Then for almost every x € U there exists jf, .. .,7^ € r(X) such 
that each (if) -1 (2) = is a density point of (7f) _1 (C^) and the (ip o 7? )'(0) are 
linearly independent. 

Moreover, for any such 7?, for any Lipschitz f: X — > R and almost every x G U , 
the gradient of f at x with respect to ip and "ff , . . . ,7* equals Df(x). 

Proof. By the previous Theorem there exists a countable Borel decomposition U = 
UiUi of U into sets with n <p- independent Alberti representations. Therefore, by 
applying Proposition 12.91 to each representation, for almost every x in any Ui there 
exists such 7f , . . . , 7* . 

Moreover, if Df(x) exists, then since 

{fo 1 t)'{Q)=Df{x)-{po 1 t)'{Q), 

Df{x) equals the gradient of / at x with respect to tp and 7J , . . . ,7^. □ 

The previous Corollary should be compared to [CK09j . Theorem 3.3. This the- 
orem asserts that, for any n dimensional chart in a doubling Lipschitz differentia- 
bility space that satisfies the Poincare inequality, and for any collection fi, fa ... of 
Lipschitz functions, for almost every x G U there exist jf, . . .,7^ g L(A) (whose 
domains are in fact intervals) such that, for each i £ N, the gradient of fi at x with 
respect to ip and 7* , . . . ,7^ equals Dfi(x). 
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Wc now use the derivative of a Lipschitz function to show that any A subset of a 
Lipschitz differentiability space has measure zero. For this, we first investigate how 
the direction of a Lipschitz curve varies with respect to different Lipschitz functions 
in a Lipschitz differentiability space. 

Lemma 6.8. Let (U, ip) be an n-dimensional X-structured chart in a Lipschitz 
differentiability space (X,d,/j,), S C U Borel and rj > 0. Suppose that ip: X — > R m 
is Lipschitz and 

Lip(« • ip, x ) > i]Lip(~ip,x ) 

for every xq G S and v G §™ l_1 . Then for any w G § m_1 and < e < 9 < 
1, there exists a countable Borel decomposition S = UiSi U N where fi(N) = 
and, for each i G N. there exists a Wi G S n_1 such that, for any 8 > 0, any 
7 G r(iS'j) in the ip-direction of C(wi,6 — e) with ip-speed S is in the tp-direction of 
C(w, 1 — (1 — 0)\t)/ Lip ip) with ip -speed 6r). 

Proof. We use the derivative of each ipi to transform the direction of such a Lipschitz 
curve. Indeed, for xq G S suppose that the derivative, Dipi(xo), of each component 
of ip exists at xq. If we write Dtp : R m — > R™ for the linear map whose columns are 
the Dtpi(xo), then for each v G R m , 

Up(Dlp(v) ■ ip, Xq) = Lip(v ■ ip, X ) > T]\\v\\ Lip(l/>, Xq) 

and so 

(6.6) \\Dip(v)\\U V { V ,x ) > rj\\v\\ LipftMo). 
We also obtain 

(6.7) >\\Dip(v)\\ < |H|Lip(^,x ). 

In particular, Dtp is injective and it's inverse Dtp -1 : Im Dip — » R™ satisfies the 
inequalities corresponding to (|6.6[) and (|6.7[) . 

Now let w G §™ _1 n Im Dtp, < 9 < 1 and suppose that 7 G T(X) satisfies 
j(to) = xq and that both (</? 7)'(io) and {tpo^)'(to) exist. Then, for every v G R™ 1 , 

v(<tpo 1 y(t ) = Dtp(v)-(<po 1 y(t ). 

Therefore, if (<p o 7 )'(t ) G C(w,9), by equation (jlTT)) . 

D^Dtp-^w)) ■ [ip o 7 )'(t ) = w ■ (y> o 7 )'(t ) 

>(l-e)||(po 7 )'(* )|| 
= (l-^)||Z>V- 1 -(^°7)'(io)|| 
> (l-e)A||(Vo 7 ) , (t )||/Lip(^a:o) 
If we let w G R m be a scalar multiple of Dtp~ 1 (w) with norm I, then since 

\\Dtp^\\ < Lip(ip,x )/nUp(tp,x ), 
the previous inequality gives 

(l-0)A||(V° 7 )'(*o)|| 



w- (Vo 7 )'(t ) > 



> 



Hl^-^toJIlLip^xo) 
(l-fl)A»,||^o 7 )'(t )|| 



Lip(^,x ) 

Therefore (-0 o 7 )'(t ) € C(w, I - (I - 6»)A??/ Lip 99). 
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Similarly, if \\(cp o j)'(to)\\ > 8hip(ip, xo) Lip(7, to), then by equation (|6.6|) there 
exists a i> <E §™ _1 such that 

||(vo 7 )%)|| = |t;.^o 7 )'(to)|| 

= \DTp-\v)-(ipo 1 y(t )\ 

< ||(V>° 7 )'(*o)|| Lip(ip,x )/riLip(ip ) xo). 

Therefore 

HO o 7 )'(*o)|| > 5r?Lip(^,a;o)Lip( 7 ,to). 
Let S = UiSi U N be a countable Borel decomposition where /z(iV) = and such 
that, for each isN, there exists a^e S™ -1 with 

Dif)(x )(w) 



< e. 



\D^(x )(w)\\ 

Then if 7 G r(S'j) is in the (^-direction of C(wi,9 — e) with t/3-speed 8, for almost 
every to £ D01117, 

(,o 7 )W€OM-e)co(im,«) 

V||D^(a;o)(w)|| / 

and 

||0/>°7)'(*o)|| > r?5Lip(^,a;o)Lip( 7! to). 
Therefore, by the above estimates, 7 is in the ^-direction of C(w, l—(l—0)\r}/ Lip ip) 
with ^-speed <5?7. □ 

As a consequence, we obtain the following Theorem. 

Theorem 6.9. Any A subset of a Lipschitz differentiability space has measure zero. 

Proof. For A > let (U,<p) be a A-structured chart and U = UjL/j be a countable 
Borel decomposition such that, for each i £ N, there exists independent cones 
Ci, . . . ,C n and a 8 > such that /i i_ f/j has Alberti representations in the 
direction of each Ci with <^-speed 8. Further, let < e < (9 < 1 such that any cone 
in R" of width 9 — e completely contains one of the Ci . 

We work with a fixed U . Suppose that for some Lipschitz ip : X — > M. m and 
w e S m "\ S C Ui satisfies H 1 ^ n S) =0 for every 7 £ Y{X) in the ^-direction 
of C(w, 1 — (1 — 9)Xr]/ Lip ip) with ^-speed 8rj. Then by the previous Lemma there 
exists a countable Borel decomposition S = UiSi U N and for each i € N cones 
Q of width 9 - e such that fx{N) = and H x ( 7 n S,) = for any 7 e r(A) in 
the (^-direction of Ci with speed 8. However, one of the Alberti representations of 
fj,\-Ui is in the ^-direction of this cone with i^-speed 8 and so fJ.(Si) = and hence 
»(S) = 0. 

Finally, let S' £^A and 77 > such that 5' € A(6',0',T)) for any < 8', 9' < 1. 
In particular 5 € A(tj<5, 1 — (1 — 9)\rj/ Lip 77). Therefore, there exists a countable 
decomposition S' = Uj Sj and for each jeNa Lipschitz -0j : A — > K™' such that 
each Sj has the form of S above. Therefore, each Sj has measure zero. In particular, 
any A subset of Ui and hence of (A, d, /1) must be //-null. □ 

Finally, as a consequence of the existence of the above Alberti representations, 
we give a partial, positive answer to CheO^, Conjecture 4.63 regarding the image 
of a chart under the chart map. 
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Corollary 6.10. For n = 1 or 2 let (U,tp) be an n-dimensional chart in a Lips- 
chitz differentiability space (X, d, p) . Then the pushforward (p* (/i L U) is absolutely 
continuous with respect to n-dimensional Lebesgue measure. 
In particular, if p(U) > then C n ((p(U)) > 0. 

Proof. Suppose that a measure v has an Alberti representation in the (^-direction 
of a cone C C R™. Then an easy application of Corollary 15.81 shows that ip*v 
also has an Alberti representation in the direction of C. By Theorem 16.61 there 
exists a countable Borel decomposition U — U m U m such that each fi L U m has 
n-independent Alberti representations, so that each <p*(/ii i_ U m ) has n independent 
Alberti representations. 

Any measure on R with an Alberti representation is absolutely continuous with 
respect to Lebesgue measure. Further, results from jACP] show that any measure on 
R 2 with two independent Alberti representations must also be absolutely continuous 
with respect to Lebesgue measure. Therefore, in either case, (p*(p,\-U) is absolutely 
continuous with respect to Lebesgue measure. □ 

This improves the known cases proved by Keith (n — 1, see |Kei04l, page 282) 
and Gong (n = 2, see [Gonllj . Theorem 1.4) who prove Corollary [640] for Lipschitz 
differentiability spaces that satisfy the Poincare inequality and possess a doubling 
measure (see Defhhtion llO.lj) . 



Remark 6.11. Using a recent announcement of Csornyei and Jones (see www. math, sunysb . edu/Videos/df est/PE 
pages 15-23) one may show that, for any n G N, any measure on R n with n inde- 
pendent Alberti representations is absolutely continuous with respect to Lebesgue 
measure. Therefore, the previous argument also proves the statements of Corollary 
HSU] for any n € N. 

One may also use this announcement to generalise the techniques of Keith and 
Gong to prove Corollary 16 . 1 01 for all n € N for Lipschitz differentiability spaces that 
satisfy the Poincare inequality and possess a doubling measure. 



7. A CHARACTERISATION VIA ALBERTI REPRESENTATIONS 

We now show how the Alberti representations found in the previous section 
characterise the differentiability properties of a metric measure space. 

We first introduce the notion of a universal set of Alberti representations for 
when a set of representations describe all of the Lipschitz functions on a metric 
measure space. 

Definition 7.1. Let (U,ip) be a chart in a metric measure space (X,d,p,) and 
A\, . . . , A n be a collection of (^-independent Alberti representations of fi L U, each 
with strictly positive <^-speed. For p > we say that this collection of Alberti rep- 
resentations is p-universal (or just universal if such a p exists) if, for any Lipschitz 
/ : X — > R, there exists a finite Borel decomposition X = X\ U . . . U X n such that 
the Alberti representation of p L Xi induced by Ai has /-speed p. 

Remark 7.2. A universal collection of Alberti representations is a much stronger 
concept than a maximal collection of representations (i.e. a collection for which 
there are no other independent representations). For example, any purely unrecti- 
fiable metric measure space has a maximal (empty) collection of Alberti represen- 
tations. However, by Corollary 14.91 this collection is not universal as there exists 
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a Lipschitz function with positive pointwise Lipschitz constant on a set of posi- 
tive measure. (For a slightly less trivial example, one may consider the Cartesian 
product of R and a purely unrectifiable space.) 

We will see that a universal collection of Alberti representations is precisely the 
required concept so that the gradient (see Definition 12.111) V/ of a Lipschitz func- 
tion / forms a derivative. We prove this in a very natural way: observe that the 
derivative of / — V/ • tp along the Lipschitz curves defining the gradient is zero. 
Further, if the Alberti representations are sufficiently refined, then the derivative 
along almost every curve in the representation is also sufficiently small. There- 
fore, after a suitable limit of such gradients obtained from a sequence of Alberti 
representations, each refining the previous, we obtain a derivative. 

We begin with a simple result that bounds the magnitude of the gradient using 
properties of Alberti representations. For this we must quantitatively describe an 
independent collection of Alberti representations. 



Definition 7.3. For £ > we say V\,...,v m £ R™ are ^-separated if, for any 
A G W n \ {0}, 



and that closed cones C\,..., C m are ^-separated if any choice of € Q \ {0} are £- 
separated. Further, we say that Alberti representations A\, . . . , A m are ^-separated 
if there exists £ separated cones C\ , . . . , C m such that each Ai in the (^-direction of 



Observe that cones C\ , . . . , C m are ^-separated if and only if, for every 1 < i < m, 
the distance of C, n §' l_1 from those v in the symmetric convex hull of the Cj (for 
j =/= i) with ||v|| < 1 is strictly greater than £. In particular, any independent cones 
are ^-separated for some £ > 0. 

Suppose that a metric measure space (X, d, p) has Alberti representations in the 
(^-direction of ^-separated cones C(w\, 9), . . . , C(w m ,6). Then there exists an e > 
such that C(wi, 9 + e), . . . , C(w m , 9 + e) are also ^-separated and a finite cover of 
each C(wi,9) by cones C\ , . . . , C l N . of width e that are contained within C(wi, 9+e). 
By applying Corollary 15.91 using the Cj we obtain arbitrary refinements of these 
Alberti representations that are also ^-separated. Moreover, if for some Lipschitz 
ip: X — > R" and Si,. . . ,5 n > 0, the original Alberti representations have -i/^-speed 
strictly greater than 5i for each 1 < i < N, then so do the refinements. 

For this section we fix the following notation. 

Notation 7.4. We fix a metric measure space (X, d, fi) and for p, S, A, £ > let 
(U,(p) be an n-dimensional A-structured chart in (X,d,fi) such that has a 

p- universal collection of n, ^-separated Alberti representations with cp-speed strictly 
greater than 5. 

Using the notion of separated Alberti representations, we may bound the mag- 
nitude of a gradient. 

Lemma 7.5. Let f : X — > R be Lipschitz, xq € U and 71, . . . , 7„ € T(X) such that 
the (<f o 7i)'(0) are ^-separated and, for each 1 < i < n, r y^ 1 {xo) = is a density 
point o/Doni7i and 




a. 



(¥>°7i)'(G) > <^Lip(v3,a;o)Lip(7 J ,0). 
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Then the gradient V/(xo) of f at xq with respect to ip and 71, . . . , 7 „ satisfies 

||V/(aj )|| <nLip(/,a;o)/^A. 

Proof. For any ^-separated t>i , . . . , v n and G S K" , there exists a 1 < i < n such 
that 

Z\\G\\/n<\G.Vi\. 
Therefore, there exists al<i<n such that 

Lip(/,xo)Lip( 7i ,0)> |(/o 7i )'(0)| 

= |V/(xo)-(^o 7l )'(0)| 

>el|V/(xo)||||(^o 7i )'(0)||/n 

>^l|V/(x o )||Lip(^xo)Lip( 7 ,0)/n. 

That is, 

l|V/(x )|| < Lip/n/£<5Lip(<^,2; ) 
as required. □ 

Next we refine a universal collection of Alberti representations whilst maintaining 
their speed with respect to a finite collection of Lipschitz functions. 

Lemma 7.6. Let J 7 be a finite collection of real valued Lipschitz functions defined 
on X , f : X — > R Lipschitz and e > 0. Then there exists a finite Borel decomposition 
X = X\ U . . . U Xn and for each 1 < i < N , Alberti representations A[, . . . , A' n of 
p L Xi such that: 

(1) The A' k are ^-separated and have (p-speed strictly greater than 6. 

(2) For every g € JF there exists an A' k with g-speed p. 

(3) If we write $ : X — > R n+1 to be the function obtained by appending f to ip, 
then each A' k is in the direction of a cone of width e. 

Proof. The collection Ai , . . . , A n is p-universal and so there exists a finite Borel 
decomposition X = Z% U . . . U Zl, such that, for any g € T and 1 < % < L, there 
exists a 1 < k < n such that Ak l Zi has (/-speed p. 

We fix 1 < i < L and for each 1 < k < n let F(k) be the set of g £ T such that 
Ak\-Zi has g-speed p. Then by Corollary [531 we may refine each Ak^-Zi to obtain a 
finite decomposition = Y k U . . . U Y k Mk and Alberti representations A kl . . . , A k k 
of p l Y k Y k Mk respectively, in the ^-direction of cones of width e and with 

ip-speed strictly greater than 5, and such that each A\ has g-speed p, for each 
g G J-(k). Moreover, we may make these refinements such that the representations 
are ^-separated, with respect to ip. Therefore, for these representations, both ([1]) 
and ([3]) are satisfied. 

By taking the intersection of Y k m for 1 < k < n, we obtain a finite Borel de- 
composition Zi = X\ U . . . U X l N . such that each Xj is a subset of some Y™ , for 
each 1 < k < n. Therefore, for each 1 < m < N{ and any j € J, there exists a 
1 < k < n such that Ak l X % m has g-speed p. In particular, @ is satisfied and so 
A = \Ji_ m X % m is a decomposition of the required form. □ 

Finally, we use this refinement to show that the gradient obtained from such 
Alberti representations is an e-derivative at almost every point. 
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Lemma 7.7. Let f: X — > R be Lipschitz. Then there exists an M £ R such that, 
for every e > and almost every xo £ U , there exists a V/(cco) £ R" with 

Up(f-Vf(x )-<p,x ) < MV~e- 

Proof. Fix e > and let Q be a finite e-net of B(0, Lip fn/£5X) C R" and 

T = {/ - D ■ <p : D £ Q}. 

Then by the previous Lemma there exists a countable decomposition U = UiUi such 
that each [iL. Ui has Alberti representations A[, . . . , A' n satisfying the properties of 
the previous Lemma for e, / and F. We fix such a Ui and define $ : X — » R" +1 to 
be the Lipschitz function obtained by appending / to (p and let C\, . . . , C n C M™ +1 
have width e such that each Ak is in the ^-direction of Cfc. 

By combining Proposition 12.91 and Lemma 17.51 for almost every xq £ Ui there 
exist 71, . . . , 7„ £ T(X) in the ^-direction of Ci, . . . , C n respectively such that the 
gradient V/(xo) of / at xq with respect to tp and 71, . . . , 7„ satisfies 

||V/(aso)|| <nLip(/,x )/^A. 

In particular, there exists a D £ Q with ||D — V/(xo)|| < e. We write D and 
Vf(xo) € R n+1 for the vectors obtained by appending —1 to D and V/(xo) respec- 
tively. 

Suppose that v, v' £ R™ +1 belong to a cone of width e. Then 

„/ 



< y/e(2-e) 



and so, for any a £ M' i+1 . 



\a-v\<(\a-v>\/\\v'\\ + ^(2^j)\\v\\. 

For almost every xq £ U, V/(xo) is the gradient of / with respect to (f and 
7i,...,7 n , and so Vf(x ) • ($ o 7j)'(0) = for each 1 < i < n. Therefore, if 
7 £ r(X) is in the ^-direction of some Cj with 7(^0) = such that ($ o 7)'(io) 
exists, then 



|Vf0r o )-(*°7)'(to)| < vM2^))l|Vf(x )||||(<i>o7)'(t )|| 
In particular, 



|D • ($ o 7)'(i )| < v/e(2- £ )||D|| || ($ o 7)'(t )|| + 2e($ o 7)' (to). 

However, for each 1 < i < n, almost every 7 G ^ is of this form. Further, since 
D ■ ip — f £ J 7 , one of the „4' fc has D ■ ip — f speed p. Therefore, 



pLip(D-cp- f,x ) < Ve(2-e)||D||Lip$ + 2eLip$ 
for almost every xq £ U. Finally, since 

||D|| < l + ||V/(z )|| < l+nLip//£<5A, 

we have 

Lip(/ - Vf(x ) -p,x )< (Lip ip + Lip /)(2e + y/e(2-e)(l + n Lip f/£5\)) 
almost everywhere in U , as required. □ 

Using this construction we may give our first characterisation of Lipschitz dif- 
ferentiability spaces. We now work without the fixed quantities given in Notation 
1721 
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Theorem 7.8. A metric measure space (X, d, /i) is a Lipschitz differentiability 
space if and only if there exists a countable Borel decomposition X — UiU such 
that each /J.\-Ui has a finite universal collection of Alberti representations. 

In this case, for each i £ N let tpi: X — » W li be Lipschitz such that the Alberti 
representations of /i L Ui are ipi-independent. Then each (Ui,ipi) is a chart and 
the derivative of a Lipschitz function f : X —¥ M. is given by any gradient of f with 
respect to ipi at almost every point. 

Proof. We first show that the condition is necessary for a metric measure space to 
be a Lipschitz differentiability space. For any i £ N let (fi : X — > W H be Lipschitz 
such that the Alberti representations of n l_ Ui described in the hypotheses are cpi- 
independent. Then by applying Proposition I2.9[ for almost every xq £ Ui there 
exist 71, ... , 7„ 4 £ r(X) such that the (if o 7i)'(0) form a basis of W li and, for each 
1 < i < rii, 7j _1 (xo) = is a density point of Dom7i. Therefore, for almost every 
xo £ U, there exists a X(xo) > such that, for any v £ § n * , 

\(ip(x) — ifi(xo)) ■ v\ , . . 
limsup Im ^ V J;; [ - > X(x ). 

X3x-+x d[X,X ) 

In particular, by Lemma l3.3[ any possible derivative of a function at xq is unique. 

Now let 6, £ > such that the Alberti representations of fi L U{ are ^-separated 
with respect to tpi and have (p^-speed strictly greater than 5. By taking a further 
decomposition (and allowing for a possible /i-null subset of X), we may suppose 
that (Ui, if i) is A-structured, for some A > 0. Then we are in the situation described 
by Notation 17.41 and so, for any Lipschitz / : X — > R, by Lemma 17.71 there exists 
an M > such that, for any e > and almost every xq £ U , there exists a 
V/(a; ) £ M"* with ||V/Oo)|| < niLip//£<SA and 

Lip(/ - V/(x ) • ipi,x ) < My/e. 

Applying this with some sequence e m — > 0, for almost every xq £ U we obtain a 
bounded sequence of such V/(xo) and so, after passing to a convergent subsequence, 
we obtain a Df(xo) £ K ni that is a derivative of / at xq with respect to (Ui,ifi). 
Further, by Corollary 16.71 this derivative is given by any gradient of / with respect 

tO ifi. 

Conversely, let (U, ip) be an n-dimensional, A-structured chart in a Lipschitz 
differentiability space. Then by Theorem 16.61 and Corollary 15.91 there exists a 
countable Borel decomposition U = UiU and for every i £ N a S > such that, for 
each i £ N, fi \- Ui has n (^-independent Alberti representations with <^-speed 5. 

Fix such a Ui and suppose such representations A\, . . . , A n of jj, L Ui are in the 
(/^-direction of ^-separated cones C\, . . . , C n . Then for any Lipschitz /: X M and 
almost every x £ U, Df(xo) exists. Moreover, there exists a 1 < j < n such that, 
for any v £ Cj, 

ti\\Df(xo)\\\\v\\/n<\Df(x )-v\. 

For 1 < j < n let Vj be the set of Xq that satisfy this for Cj. Therefore, if 
x Q £ Vj and 7 £ T(X) with 7^0) = x , \\ {<p ° 7)'(*o)|| > 5 Lip(<yj, x ) Lip(7, t ) and 
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(ipoj)'(to) E Cj then 

{fo 1 )'{t ) = \Df(x )-{tpo 1 )'{t )\ 

> ||D/(xo)||||(¥»o 7 )'(to)|| 

> 6 Lip(/, x ) Lip(tp, x ) Lip( 7 , t Q ) 

> 6\ Lip(/, x ) Lip( 7 , to). 

That is, Aj L V^- has /-speed SX. Therefore, the Aj are universal. □ 

8. Characterisations via null sets 

We now present other characterisations that prescribe a class of sets that de- 
termine if a metric measure space is a Lipschitz differentiability space. Such sets 
will be the singular sets found earlier when constructing Alberti representations of 
a measure. Therefore, in a metric measure space where such sets have measure 
zero, there exist many Alberti representations. Further, if these representations are 
sufficiently different, for almost every xo, particular points of the Lipschitz curves 
obtained from the representations form a separated subset of balls centred at x . By 
combining this with a doubling condition on the metric space, we obtain a bound 
on the total number of such different Alberti representations. In turn, this leads to 
the existence of a derivative of a Lipschitz function at almost every point. 

We begin by giving a method that constructs a chart structure in a metric 
measure space. 

Lemma 8.1. Let (X,d,ii) be a metric measure space, Y C X Borel and JVeN. 
Then the following are equivalent: 

• For any Lipschitz tf>: X R N+1 , for almost every xq G Y there exists an 
a(xo) € such that 

Lip(a(x ) • ip,x ) = 0. 

• There exists a countable Borel decomposition Y — Ujf/j and Lipschitz func- 
tions (pi'. X —¥ l n ' such that each {Ui, ifi) is a chart of dimension at most 
N , with respect to which any Lipschitz f : X — > R is differ entiable at almost 
every point of Ui . 

Proof. First suppose that the second statement is true, (Ui,tpi) a chart of the 
decomposition and ip: X — > R N+1 Lipschitz. Then for almost every xq g Ui and 
each 1 < j < N + 1, the derivative of ipj exists at xq and belongs to R™% for 
ni < N + 1. Therefore, if we write Dtp for the matrix whose columns are the 
Dipi(xo), there exists an a(xo) € § w such that Dtp ■ a(xo) = 0. Then by the 
definition of a derivative, Lip(a(xo) • tp, xq) = 0. 

Now suppose that the first statement holds and let U C Y be a Borel set of 
positive measure. First observe that either any Lipschitz function tp : X — > K 
satisfies Lip(<^, xo) = for almost every xq £ U in which case U is a chart of 
dimension zero (as described in Corollary I4.9|) or there exists a Borel set U' C U 
of positive measure and a Lipschitz tp: X — > K such that Lip(</9, x$) > for every 

X G U'. 

By our hypotheses on Y , there exists a maximal n G N such that there exists 
a Lipschitz tp: X — > R™ and a U' C U of positive measure with Lip(w • tp,Xo) > 
for every xq € U' and every v € § n . Further, we have n < N. Then for such an 
n, tp and U', for any Lipschitz /: X — >• R and almost every xq g U' there exists a 
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Df(xo) £ W 1 such that Lip(/ — Df(xo) ■ cp,xo) — 0. Moreover, by Lemma l3l3| the 
condition Lip(t> • tp, xq) > for every v £ § I1_1 is equivalent to the uniqueness of 
such a Df(xo). 

Therefore, within any U of positive measure, there exists a chart of positive mea- 
sure with dimension less than N, with respect to which any real valued Lipschitz 
function is differentiable almost everywhere. Since /i is finite we obtain a count- 
able decomposition of U into charts with respect to which Lipschitz functions are 
differentiable almost everywhere. □ 

We now introduce additional properties of metric measure spaces that will allow 
us to satisfy the hypotheses of Lemma 18.11 



Definition 8.2. We say that a metric measure space (X, d, fj,) is pointwise doubling 
if 

hm sup — — - < oo 

n(B(x ,r/2)) 

for almost every xq £ X . 

Further, for < S < 1 and r) > 1, we define M(S,r]) = rj 2 ~ loe * s / 5 and D n to be 
the set of Borel subsets Y of X such that, for each Xq £ Y, < S < 1 and r > 0, 
there exist x\, . . . , xm £ Y with 

M 

B(x ,r)nY c \jB(xi,5r), 

i=i 

for some M £ N less than M(S, rj). 

Lemma 8.3. For any pointwise doubling metric measure space (X,d,[i), there 
exists a Borel decomposition 

oo 

X = N U [J Y m 

m— 1 

where fi(N) = and for each m £ N there exists an rj > 1 such that Y m £ D v . 
Proof. For r\ > 1 and R > let 

X R . V := {x £X: W (B(x ,r/2)) > fi{B(x ,rj) > 0, V < r < R}. 
For any xq £ X and r > 0, 

(i(B(x ,r)) _ fi(B(x 0) r m )) 



fi(B(x ,r/2)) r m Sr n{B(xo,r m /2)) 

and so, in the definition of Xr^, it is equivalent to satisfy the condition for rational 
< r < R. Further, for a fixed r > 0, xq h> fi(B(xo,r)) is lower semicontinuous. 
Therefore, each Xr^ is a Borel set. 

Now fix r\ > 1, R > and xq £ Xn. n . Then for any m £ N and < r < i?, 

fi(B(x ,r)) 



n(B(x ,2- m r)) 

and so, for any < S < 1, 



< r 



fi(B(x 0l r)) < M 



/i(-B(x ,<fr)) 
for M the least integer greater than — log 2 5 
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Now let < r < R/2. Then 

B(x , r) n X R „ C \J{B{x, Sr/5) : x G B(a; , r) n 

and so there exists F C B(x , r) n Xr iJ7 such that 

#Oo, r) n X R!V c U{B(a:, <5r) : x £ F} 

and such that the B(xq, Sr/5) are disjoint. Firstly, since /j.(B(xo,2r)) is finite and 
for x £ F the B(x, Sr/5) are disjoint subsets of B(xq, 2r) with positive measure, F 
is countable. Further, 

V M n(B(x ,r)) > r, M »(B(x, Sr/5)) > £ n(B(x, 2r)) > £ M^^o, r)), 

x£_F i£F xe_F 

for M the least integer greater than 2 — log 2 S/5. In particular, the cardinality of 
F is less than M(S, n). Therefore, for any y £ X, Xr^ n -R/4) belongs to D v . 

Finally, for Ri — > and r\i — > oo, the Xn itni cover almost all of X and so there 
exists a decomposition of X of the required form. □ 

Metric measure spaces in which all porous sets (see Definition I4.4[) have measure 
zero are pointwise doubling (for example, see [MMPZ03 , Theorem 3.6). Therefore, 
we obtain the following consequence of Corollary 14.51 

Corollary 8.4 ( BS11 , Corollary 2.6). Any Lipschitz differentiability space is 
pointwise doubling. 

In addition, we also require concepts related to an A set (see Definition 15. 11 1) . 

Definition 8.5. Let (X,d) be a metric space and S > 0. We define Bg to be the 
set of S C X for which there exist a countable Borel decomposition S — UjSj and 
Lipschitz functions /j : X — > R such that, for every i £ N, 

Si C {x £ X : Lip(/i,x ) > 0} 

and H 1 ^ C\ Si) — for every 7 € r(X) with /j-speed 5. Further, we define B to 
be the set of S c X that belong to for every <5 > 0. 

Remark 8.6. Note that for any < S < 8' we have Bg C -B,y. 

Observe that Bg C A(<5, A) for any < 6, 8, A < 1 and so B C A. In particular, 
any B subset of a Lipschitz differentiability space has measure zero. Also, by 
Corollarv l5.8[ metric measure spaces in which Bg sets are /i-null have many Alberti 
representations with speed 8. We now show how the curves obtained from such 
Alberti representations interact with the doubling properties of a metric measure 
space. This is done by creating a separated set from points belonging to curves 
obtained from such representations. 

Lemma 8.7. Let (X,d,fj,) be a metric measure space, tp: X — > K™ Lipschitz, Y C 
X Borel and 8 > 0. Suppose that A\, . . . , A n are Alberti representations of /ilF 
and Wi, . . . , w n £ § n_1 such that, for every 1 < i ^ j < n, either 



Lip(7i,ii) Lip(7j,t,) 

or i/ie corresponding inequalities with i and j exchanged. Then, for almost every 
xq £ X and any r > 0, there exist X\,...,x n £ B(xo,r) such that 

d(xi,Xj) > Sr — 4>{r) 
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for each 1 < i ^ j < n, where 4>(r)/r — > as r — > 0. 

In particular, ifY £\W £ D v , for some r\ > 1, then n < M(<5/2, n). 

Proof. Let Q be a countable dense subset of S n_1 . Then by standard techniques, 
there exists a Borel decomposition 

Y = N U |J Y m 

where n(N) — and for each m £ N and q € Q, Lip(gr • ^) is continuous on each 
Y m . Therefore, for any e,p > 0, m £ N and q £ Q, there exists a Z C Y m with 
//(y m \ Z) < p and an i? > such that 

(8.1) |g • (<p(x) - ip(y))\ < (Lip(g • <p, x ) + e)d(x, y) 

for each < r < R, x £ Z, y £ Z H B(x ,r) and x £ B(y,r). Therefore, 
by decomposing each Y m further, we may suppose that for every e > 0, q £ Q, 
m £ N there exists an R > such that (|8.ip holds for each < r < R, xq £ Y m , 
y £ Z n B(xo,r) and x £ B(y, r). 

We now work with a fixed Y m . By Proposition 12. 9[ for almost every xq £ Y m 
there exists 71, . . . ,7„ £ T(X) such that, for each 1 < i < n, "/^ 1 (xq) = to is a 
density point of 'J^ 1 (Y m ) and Lip(7j, to) = 1. Further, there exists wi,...,i« n G <2 
such that, for each 1 < i ^ j < n, either 

(8.2) \wi ■ (^o 7i )'(t )| > | Wi • (yjoTj-y^o)! +5Lip(wi • 9?,7i(*o)) > 0, 

or the corresponding inequalities with z and j exchanged. 

Let e > 0. Then there exists an Ri > such that, for any < r < Ri, if t 
belongs to each Dom7j with < \t — to I < r then, after setting Xk = 7fe(t), 

Lip(w, • tp,xo)d(xi,Xj) > \wi ■ (<p(xi) - <p(xj))\ - er 

> \wi ■ (tp{xi) - (p(x ))\ - \vii ■ {<p{xj) - tp(x )\ - er 

for each 1 < i,j < n. Further, there exists a < R2 < Ri such that, for any 
< r < i?2, 1 < k < n and Xk = Jk{t), 

\\((foj)'(t )(t k - t ) - Lp(x k ) - (p(x Q )\\ < er. 

In particular, 

Lip(w l • <p,x )d(xi,Xj) > \wi ■ (^°7i)'(*o)(*-*o)| - \m • (<P 7j)'(*o)(* - *o)| - 3er. 

Further, since to is a density point of each Dom7t, there exists a < R3 < R2 such 
that, for any < r < R3 and 1 < k < n, there exists a t in each Dom7fe such that 
7/c(t) £ B(xo,r) and \t — to — r\ < er. Therefore, if x k = 7fe(t) for each 1 < k < n, 

Lip(w l • tp,x )d(xi,Xj) > r\wi ■ (<p o 7i)'(*o)| - r\wi ■ (tpo jj)'(t )\ ~ 5er. 

By exchanging i and j if necessary, we may apply (|8.2I) as stated so that 

hip(wi ■ (p,Xo)d(xi,Xj) > Sr~Lip(wi ■ (f,Xo) — 5er. 

Finally, also by our initial hypotheses, Lip(u>i • tp, 7i(to)) > and so we deduce that 
there exists <j>: M. — >• R such that 4>( r )/ r ~~ * as r — >• and 

d{xi,Xj) > Sr — </>(r). 

The y m cover almost all of 1" and so such x\, . . . , x n may be found for almost every 
xq £ Y, as required. 
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Now suppose that for some rj > 1, Y C W £ D v . Then for any < e < <5, if 
R > such that |0(r)| < er for each < r < R, the Xi found above all belong to 
B(x$, r) but are separated by a distance of at least (S — e)r. Therefore no two Xk 
can belong to the same ball of radius (S — e)r/2. In particular n < N((S — e)/2, rj) 
for all < e < S and so n < iV(<V 2 : D 



We use this construction to satisfy the hypotheses of Lemma 18.11 

Proposition 8.8. Let (X,d,/i) be a metric measure space, S > and, for rj > 1, 
let Y be a Borel subset of some W £ D v . Suppose that, for any Lipschitz f: X — > 
K, there exists an Alberti representation of (J.L-Y with f -speed S. Then, for any 
N > M(5/2, rj) and Lipschitz tp: X — > M. N , for almost every xo £ Y there exists an 
a(xo) £ R N such that 

Lip(a(x ) • if, x ) = 0. 

Proof. Suppose that tp : X — > M. N is Lipschitz and, for some Borel Z C Y of positive 
measure, Lip(i> • tp, xq) > for every xo £ Z and every v £ S^ -1 . By taking 
a countable decomposition of Z if necessary, we may suppose that there exists a 
A > such that 

Lip(w • tp,xo) > ALip(^,x ) 
for every v £ S^ -1 and xo £ Z. We will prove the Proposition by proving N < 
M{8, 77), using the assumption that there exists an Alberti representation of ji L Z 
with v ■ tp-speed 5, for any v £ S^ -1 . 

Let e > and Ai be such a representation for an arbitrary choice of v\ £ 
S^ -1 . Inductively, suppose that m < N and that there exists a countable Borel 
decomposition Z — UiZi such that each /il Zi has m — 1 Alberti representations 
A\, . . . , A m _i- Then, by refining the representations if necessary, we may suppose 
that there exists w\, . . . , w l m _ 1 £ S^ -1 such that Aj, is in the (^-direction of C{w\ , e) 
for each 1 < k < m. We choose w l m orthogonal to each u>* and let A m be an Alberti 
representation of /il Zi with w % m ■ (/3-speed 5. Then w l m satisfies 



«4 • (^7i)'(i) < £) Lip(y , 7i (tj)) Lip( 7j , tj) 

for almost every jj £ A* and almost every tj £ Dom7 3 , for each 1 < j < m. In 
particular, 



Lip(7 m ,t m ) Lip(7_,- 1 i J -) ^ / 

for every 1 < j < m, almost every 7 m € .4^ and 7 3 £ A* and almost every t m £ j m 
and ^- € jj . 

By repeating this process N — 1 times, we obtain TV Alberti representations that 
satisfy the hypotheses of Lemma [5771 and so N < M(S/2 — ye(2 — e)/A, ry). This is 
true for every e > and so N < M(S/2, rj), as required. □ 

Using this result we may also bound the dimension of charts in Lipschitz differ- 
entiability spaces. 

Corollary 8.9. Let (U, tp) be a chart in a Lipschitz differentiability space and rj > 1. 
Suppose that Y <ZU has positive ji measure, is contained within some W £ D v and 
that any B$ subset of Y is fj,-null. Then the dimension of (U, tp) is bounded above 
byM(S/2,r,). 
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Proof. Suppose that (U, (p) is a chart of dimension n. Then by Lemma 13.31 Lip(t> • 
ip, xq) > for all v E S™ _1 and almost every xq € U. Therefore, by Proposition 
EQn<M(5/2,ri). □ 

Using the previous construction we may give our characterisation of Lipschitz 
differentiability spaces via null sets. 

Theorem 8.10. For {X, d, fi) a metric measure space, the following are equivalent: 

(1) (X,d,/i) is a Lipschitz differentiability space. 

(2) Any A subset of X is fi-null and X is pointwise doubling. 

(3) Any B subset of X is fi-null and X is pointwise doubling. 

(4) There exists a countable Borel decomposition X — UiXi and sequences 
r/i > I and Si > such that: 

• For any Lipschitz f : X — > R and i € N, there exists an Alberti repre- 
sentation of /zl Xi with f -speed Si. 

• For every i £ N there exists a W € D rji such that (J,(Xi \ W) = 0. 

Proof. We will prove the implications ©^©^©^(gll^ll]). Firstly, by 
Theorem 16.91 any A subset of a Lipschitz differentiability space is /i-null. Further, 
by Corollary 18.41 any Lipschitz differentiability space is pointwise doubling, giving 
the first implication. The second implication is true since B C A for any metric 
measure space. 

To prove (J3J) =^ (SI) observe that, for any S > 0, Bg is closed under taking 
countable unions. Therefore there exists a countable Borel decomposition X = 
UiXi U N where N £ B and such that, for each i E N, every B\u subset of Xi 
has measure zero. In particular, given a Lipschitz function / : X — > K, we may 
apply Corollary 15. 81 to obtain an Alberti representation of /jlI; with /-speed 1/i. 
Further, by Lemma [531 for each i £ N there exists a countable Borel decomposition 
Xi = Uj(X/ U Ni) where TV; is /j,-null and for each j € N there exists a W £ £>i/j 
such that X\ C W. Therefore, the decomposition X = Uij(Xf U Ni) is of the 
required form. 

For the final implication, by applying Lemma 18.11 and Proposition 18.81 we see 
that (X, d, /i) is a Lipschitz differentiability space. □ 

Finally, as mentioned above, metric measure spaces in which porous sets have 
measure zero are pointwise doubling. Moreover, by Corollary 14.51 porous sets in 
Lipschitz differentiability spaces have measure zero. Therefore, we obtain an addi- 
tional characterisation of Lipschitz differentiability spaces entirely via null sets. 

Theorem 8.11. For (X,d,/i) a metric measure space, the following are equivalent: 

• (X, d, fi) is a Lipschitz differentiability space. 

• Any A and any porous set in X is [i-null. 

• Any B and any porous set in X is (x-null. 

9. Arbitrary Alberti representations 

We now extend the results from the previous sections to find Alberti represen- 
tations in the direction of an arbitrary cone C in a chart ([/, (p) of a Lipschitz 
differentiability space (X, d, fi) . As before, we will produce this representation us- 
ing Corollary 15.81 and so we are required to show that any Borel S C U that 
satisfies V. 1 (7 fl S) = for any 7 e r(X) in the (^-direction of C has measure zero. 
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This is achieved by giving a decomposition S — UiSi such that each Si satisfies 
'H 1 (7 n Si) = for any 7 G T(X) in the (^-direction of a cone Ci that defines the 
direction of an existing Alberti representation. 

For this we will need to deduce properties of the derivative of a function obtained 
from Lemma 16.41 In particular, we require a bound on the directional derivative 
of the function in the direction w, for w as in the hypotheses of the Lemma. This 
is possible for any Xq for which there exists x m — ¥ xq such that tp(x m ) — ip(xo) is 
parallel to w. 

To begin we concatenate the curves obtained from our existing Alberti repre- 
sentations, in suitable ratios, to show the existence of such a sequence. Recall the 
notion of separated Alberti representations given in Definition 17.31 

Lemma 9.1. Let [X,d,fjb) be a metric measure space, <p: X — > R n Lipschitz and 
8, £ > 0. Suppose that X has n ^-separated Alberti representations with speed strictly 
greater than 5. Then there exists an r\ > such that, for any measurable S C X 
and for almost every xg £ S, given any v £ S™ _1 there exists S 3 x rn — » xq with 



lim sup 



(p(x m ) - <p(x ) \\<p(x m ) - <p(x )\\ 



d(x m ,x ) d(x m ,x ) 







\\p{x m ) - <p{x )\\ . ,. , v 
hmsup — - > nhip{ip,x ). 

Proof. Let S C X be measurable, w £ §™ _1 and < e < 1. By refining if necessary, 
we may suppose that the above Alberti representations are in the (^-direction of 
^-separated cones C\ — C(w\,e), . . . , C n — C(w n ,e). Further, for each 1 < i < n 
let C- D Ci be open cones that are also ^-separated. 

For 1 < i < n let T 1 be the set of 7 £ T(X) in the (^-direction of C{ with 
speed S. Further, for each < R < e, let G R (S) be the set of xq £ S for which 
there exist a 7 £ T l and a to £ D01117 with 7 (to) = xq such that, for every 
< r < R/\\(tpoj)'(to)\\ and every t £ Dom 7 with \t-t \ < 5R/\\ (ip o 7)'(t )|| , the 
following conditions hold: 

(1) CHi-^S) n B(t ,2r)) > 4r(l - e). 

(2) ||p( 7 (t)) - <pMto)) - (ip o 7 )'(<o)|| < e\\(p o 7 )'(*o)|||* - *o|- 

(3) ||( V o 7 y(* )|||t-* |<2||^( 7 (t))-^(7(*o))||. 

(4) p( 7 (t)) - p( 7 (t )) g C[. 

(5) \\{tp o 7 )'(t )|| \t-t \>5 Lipfo 7(*o))d(7(*), 7(*o))/2. 

Since \i has an Alberti representation in the ^-direction of each Ci with speed 5, 
by Proposition 12.91 each G R (S) is measurable and monotonically increases to a set 
of full measure in S as R \ 0. 

Now let xo £ G R (S), let 7 G T l be as in the definition of G R for xo and write 
w = Y2i Kwi- Then for any < r < Rj max A,, 

rX i /ll(v o 7) / (*o)||<i2/ll(vo7) , (*o)|| 
and so, by (JTJ), there exists &t£ D01117 with 

t*A ■ AlTc 

< t - to - T ^j—rr < T < 4e(i - f ). 

II(V°7) (*o)|| ll(¥>°7)'(*o)|| 

In particular 

|t-fo|<5ie/||fo>o 7 )'(fo)|| 
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and 



Il(vo7)'(*o)|| 



< 4e. 



Wi 



< \f2~e. 



\t-to\ 

Note also that, since (<p o 7)' (to) belongs to Q, 

(y°7)'(<o) 

ll(v°7)'(*o)|| 
Therefore, by the triangle inequality, ([2j and ([3]) , 

IIv(t(*)) " v(7(*o)) - rAiiOiH < 10v^||(^ 7)'(«o)|||* - *o| 

<20>/i|| V (7(t))- V (7(to))|| 

Moreover, by (JSJ), 

<yLip(y>,7(t ))d(7(*),7(to)) < 5J2 < 5e. 
That is, for every € G^, there exists anieS with 

(9.1) \\f(x) - ip(x ) - rXiWi\\ < 20y/e\\(p(x) - <p(x )\\ 
and 

(9.2) (3!,a;o)<5e/«Lip(^,7(to)). 
Now define 5^ = 5 and for each < i < n define 

ni+l _ s~ti+l ( ni \ 

Then for any xq £ and < i < n there exists X4 € S^~ l such that the relations 
(|9.ip and (|9.2j) hold between Xi and Xi+\. Therefore 

\\<p(x n ) - (f(x Q ) ~ rw\\ < 20Ve ll^i) ~ <p{xi+i)\\ 

0<i<n 

and so, by the triangle inequality, 

\\<p(x n ) - ip(x ) - \\<p(x n ) - (p(x )\\w\\ < 40\/e \\(p(xi) - Lp{x l+1 )\\. 

0<i<n 

However each 7 above was chosen so that ip(xi) — ip(xi_\) £ C[ for each < i < n. 
Since the G[ form a collection of ^-separated cones, 



\\<p(x ) - y(x n )\ 



^2 <f(xi) - <p(x i+ i] 



0<i<n 

> £ max \\tp(xi) - tp(xi+i)\\ 

0<i<n 

> £5 Lip(iy9, Xq) max d(xi,Xi + i)/4 > 0. 

0<i<n 

Therefore 

\\ip(x n ) - tp(x ) - \\ip(x n ) ~ tp(x )\\w\\ < 40*/enLvp(pd(x n ,x )/£, 
and by the triangle inequality 

\\ip(x n ) - tp(x )\\ > ^SLxp((p,x )d(x n ,x )/4n. 
Note also that we must have xq ^ x n and 

d(x n ,x )< ^ d(xi,x i+1 ) < 5ne. 

0<i<n 
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Finally, U m gN5*™/ m is a set of full measure in S and so for almost every xq G S 
there exists an x n G S with the above properties, for a given < e < 1. Taking a 
countable intersection over e G (0, 1) fl Q completes the proof for n = £5/n. □ 

Corollary 9.2. Let (U, ip) be a X-structured chart in a Lipschitz differentiability 
space and for some £, 5 > 0, let V d U be Borel such that /ilF has n ^-separated 
Alberti representations with speed strictly greater than 5. Suppose that, for some 
w G §" _1 and < e < 1, S <Z V is closed and satisfies H 1 ^ l~l S) = for any 
7 G r(X) m the tp-direction of C(w,e). Then there exists an n > and, for any 
C > 0, a (K(e) + 1 + () Lip ip-Lipschitz function f : U — > M. such that 

(1) For every xq G S and x G U with (<p(x) — ip(xo)) ■ w > 0, 

f(x) - f(x ) > (ip(x) - <p(x )) -w-C 

(2) For almost every xq G S 

Df(x ) ■ w < CM. 

Proof. Let f:U -> R be the Lipschitz function obtained from an application of 
Lemma [HUl (for 6 = £min{l, 1/ diamt/, 1/ Lipids}), so that / automatically satisfies 
all of the required properties (for 2() except for @. Further, there exists a p > 
such that, for every xq G S and y, z G B(xo,p), 

\f(y) - f{z)\ < K(e)\\V( V (y) - <p(z))\\ + (d(y, z) 



for K{e) = (1 — e)/ ye(2 — e) and "P : M — > R the orthogonal projection onto the 
plane orthogonal to w passing through the origin. 

Now let 77 > such that the conclusion of Lemma 19.11 holds. Then for almost 
every Xq G V, Df(xo) exists and there exist U 3 x m — > xq with |f)(i m ) — <^>(a^o ) 1 1 > 
r)d(x m , xq) such that 

\\ip(x m ) - <p{x ) - \\y{x m ) - ip(x )\\w\\ _^ 
d(x m ,x ) 

In particular, by the triangle inequality, 

limsup — < ^(wjH limsup — r = 

m— >oo ctyx m: XQj m— >oo ayx m ,XQj 



and so 



Therefore 



\f(x m ) ~ /(x )| 
limsup — < Q. 



riLip(ip, x )D}(xo) ■ w < limsup — r Df{x ) ■ w 

Df(x ) ■ (<p(x m ) - ip(x )) 
< hm sup 



lim sup 



d(x m ,x ) 
\f{x m ) - f(x )\ 



d(x m ,Xo) 

<C- 

Since (£/, if) is a A-structured chart, Lip(y>, xo) > A and so dividing by rj\ completes 
the proof. □ 
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Given a set S as in the hypotheses of Corollary 19. 2\ we will decompose it using 
the following Lemma. In our application, the D m in the hypotheses will be the 
derivatives of Lipschitz functions obtained from Corollarv l9.2l 

Lemma 9.3. Let (X,d,fi) be a metric measure space, U C X Borel and w G S" _1 . 
Suppose that, for some ft > and E > 0, there exists a sequence of measurable 
functions D m : X — > K n with essential supremum E such that 

lim sup D m (x) ■w + /3<w-w = l 

ra— >oo 

for almost every x G U. Suppose further that, for some £ > and ^-separated 
w\, . . . ,wt G § n_1 , w belongs to the convex cone of the lUj. Then there exists a 
Borel decomposition 

S = Nu\JSj 

with /i(iV) = and, for every j G N, a 1 < i < n suc/i i/iai, /or every < 8 < I, 
lim i £) (t ( x ). v + JM^i< u; . u + % /20( S + i)|| w j| 

m-s-oo m ^ — ' n 
l<fc<m 

uniformly for x G Sj and v G C(wi, 0). 

Proof. Since each Z) m is bounded, there exists a g G L 2 (U) such that, after passing 
to a subsequence, _D m — > g weakly. Then, by the Banach-Saks theorem, there exists 
a further subsequence such that the functions 

D m :=- V Dj 

TO ^— ' 

l<j<m 

converge pointwise almost everywhere to g. Moreover, since 

lim sup Z? m (x) • w + f3 < w ■ w, 

g(x) ■ w + /3 < w ■ w almost everywhere. 
Let 

jen 

be a Borel decomposition of S where N is /i-null and such that D m — > g uniformly 
on each Sj. Further, since the Wi are ^-separated and w lies in the convex cone of 
the Wi, there exists < A; < l/£ with w — J2i ^i w i- Therefore, for each xq in some 
Sj, there exists a 1 < i < n with 

g ■ Wi + P^/n < w ■ Wi. 

We may therefore decompose each Sj into the sets 

Sj = {x € Sj : g ■ lOj + /3£/n < w ■ Wi} 

for 1 < i < k. By taking a further decomposition, we may suppose that each Sj is 
compact. 

Finally, for any < < 1, j G N, 1 <i <n and v G C{w l ,6), 

g(x) ■ v + \\v\\f3£,/n = \\v\\ (g(x) ■ w, + fit-fri) + g(x) ■ (v - \\v\\wi) 

< \\v\\{w - WiV20E) 

< wv + V26(E + l)\\v\\. 
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Since D m — » g uniformly on each Slj , this decomposition is of the required form. □ 

Finally, we will show that a set with certain properties intersects a Lipschitz 
curve 7 in a set of measure zero by applying the following Lemma to the domain 
of 7. 

Lemma 9.4. Let S C M be measurable and L > 0. Suppose that there exists a 
sequence of L- Lipschitz functions f m : S — > M and measurable functions $, \& : S* — > 
R swc/i i/iai, /or almost every to G S*, $(to) < ^(to) <wid.' 

(1) There exists rrij — ¥ 00 such that, for every ( 6 S with t > to, 

fm, (t) - f mj (t ) >V(to)(t-t )- l/m r 

(2) There exists an M G N such that, for every to > M , 

Df m (t ) < *(t ). 

Then S is Lebesgue null. 

Proof. Suppose that such an S has positive Lebesgue measure. Then there exists 
an M € N, a < (3 GM. and S' C S of positive measure such that (JXJ) and 

Df m (t Q ) < $(t ) < a < < *(t ) 
for all to G S' and m > M. Let to be a density point of S' and i? > such that, 
for every t G (io , *o + -R) , 

C ^ S ' n t ^>l-W- a )/2L. 
Then, for any m > M and t G (t ,t + R) n S, 



fm(t)-f m {to) = / Df m + / £>/ m 

J(t ,t)ns< J(t ,t)\S' 

< a(t - to) + (t- t )L{(3 - a)/2L. 

< {p + a)(t-t )/2. 

However, if mj > M such that (Q]) holds for t , then for any t G (to, to + -R) H S, 

(/3 + a)(t - t )/2 > f mj (t) - f m .(to) > (3{t - t ) - 1/m^. 

In particular, |t — to\ < 2/(/3 — a)mj for rrij — > 00 and so t = to, contradicting our 
assumption that to is a density point of S. □ 

We now apply these results to a chart in a Lipschitz differentiability space. 

Theorem 9.5. Let (U, ip) be an n-dimensional chart in a Lipschitz differentiability 
space (X, d,jj,),wG S™ -1 and < e < 1 . Then there exists an Alberti representation 
of \i\-U in the ip-direction ofC(w,e). 

Proof. Since any chart in a Lipschitz differentiability space has a countable de- 
composition into a /i-null set and structured charts, and since we may combine 
Alberti representations using Lemma 12.41 it suffices to prove the result for (U, ip) 
a A-structured chart, for some A > 0. Further, by Corollary 15.81 there exists 
a decomposition U — A U S where /u L A has an Alberti representation in the 
cp-direction of C(w,e) and S satisfies 'H 1 (7 fl S) = for any 7 G T(X) in the in- 
direction of C(w, e). Finally, by Theorem 16.61 there exists a countable decomposi- 
tion U = U m U m such that each fi\-U m has n (^-independent Alberti representations. 
By refining these representations if necessary, we may suppose that for any to G N 
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there exist W\ , . . . , w n G S"" 1 and < 8, £, 5 < 1 such that the Alberti representa- 
tions of /i i— U m are in the ^-direction of ^-separated cones C(wi, 9), . . . ,C{w n ,6), 
with speed 5. By rehning these representations further, we may suppose that 

\/26(2 + K(e) + A) 

A _ 4n 



for -ftT(e) = (1 — €)/ yje(2 — e). Therefore, we are required to show that, for any 
to e N, any compact S' C S n U m is /x-null. 

We apply Corollary 19.21 (with ( = 1/m) to obtain a sequence of (2 + K(e))- 
Lipschitz functions f m : U — > R such that: 

• For every xo € S" and x € U with (<^(x) — y(xo)) ■ w > 0, 

/m(x) - /m(x ) > (<^(x) - <y3(x )) • 10 - 1/m. 

• For almost every xo 6 5", 

lira sup Df m (xo) ■ w + 1 < w • w. 



Note that, since (/7, <p) is a A-structured chart, by Lemma T3.41 

\\Df m (x )\\ < (2 + K(e))/X. 
Therefore, by Lemma 19.31 there exists a countable Borel decomposition 

S = Nu\JS j 

where fi(N) — and for each j E N there exists a 1 < i < n and an M € N such 
that, for every to > M and xo € 5j, 

(9.3) - V D/ fc (x )-«+i|H|<w.«+i-|H| 

m * — ' n zn 

l<fc<m 

for all w € C(wi, 6). Define, for each to € N 

1 E A 

m z — ^ 

l<fc<m 

For each j g N and almost every xo € Sj each D/fc(xo) exists and so 

m z — * 

l<k<m 

Further, for every xo € S and x G f7 with (</?(x) — ¥?(xo)) ■ w > 0, 

F m (x) - F m (x ) > (<p(x) - <p(x )) -w-l/m. 

We fix j £ N and let 1 < i < n and M € N such that (|9.3[) holds for every 
m > M and xo £ Sj. It suffices to prove that n(Sj) = 0. Given the above Alberti 
representations of u L J7 m , it suffices to prove that ^(jPi Sj) = for any 7 e T(A) 
in the ^-direction of C (tOj , 6) . 

To show this, fix 7 £ T(X) in the (/j-direction of C(wi,6) and define, for each 
to e N, the (2 + K(e)) Lip y> Lip 7-Lipschitz function 

9m = F m o 7: Dom7 -> K. 

Then, for any ig € D0H17, if (95 o 7 )'(io) exists and 7(^0) € Sj, 

Dg m (t Q ) = £>F m ( 7 (* )) ■ {ip o 7 )'(t ). 



- — 7 , /fe- 
rn 



TO 
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Therefore, if {<p o j)'(t ) £ C(w h 9), 

Dg m (t ) <«/• (v°7)'(*o) - |-||(^o 7 y(t )|| 

<w{<po 7 y{t Q )- i-| l0 .( v ,o 7 y(i )| 

:=$(t ). 
Also, for any t,to £ D01217, 

g m (t) - g m (ta) > (<p(7(*)) - <p(i(to))) -w-l/m. 

Suppose that j (Sj) has positive measure. Then there exists an R > and a 
T C 7~ 1 (S , j) of positive measure such that, for every to £ T and t £ Doni7 with 
I* - to I < R, [tp o 7 )'(t ) € CK, 0) and 

(<p(-r(t)) - ¥>(7(*o))) ■«>(w(po 7)'(*o) " ^ k ' (v 7)'(*o)|) (« ~ *o) 
:=*(td)(t-*o). 

We choose s € T such that T" := T<~)B(s, R) has positive measure. Then for almost 
every ( £ f , $(( ) > $(i ) and: 

• For any m> M and every t £ T' with t > to, 

9m(t) - g m (to) > #(*o)(* - *o) - 1/m. 

• For every m > M, 

Dg m {to) < $(t ). 

Therefore, by Lemma T9.4[ T' is Lebesgue null, a contradiction. □ 

We may use this Theorem to improve our description of the local structure of a 
Lipschitz differentiability space. 

Corollary 9.6. Let (U, ip) be an n- dimensional chart in a Lipschitz differentiability 
space (X,d,n). Then for almost every x £ U and any cone C C R™, there exists a 
7 a: £ T(X) such that (7 s ) (x) — is a density point of (j x ) (U) and such that 

(pfi'fojec. 

We also obtain another characterisation of Lipschitz differentiability spaces cor- 
responding to arbitrary Alberti representations. 

Definition 9.7. For a metric measure space (X,d,n) we define C to be the set of 
Borel S C X for which there exist < e, rj < 1 and, for every S > 0, there exist an 
n £ N, a Lipschitz ip: X — > R n and a cone C C R™ of width e such that: 

• For every xo £ S, 

Lip(w • ip,x ) > rjLip^zo). 

• For every 7 € T(A) in the i/j-direction of C with ^-speed 5, H 1 (7 fl 5) = 0. 

Theorem 9.8. For a metric measure space (X,d,fi) the following are equivalent: 

• (X, d, fi) is a Lipschitz differentiability space. 

• Every C subset of X is \i-null and X is pointwise doubling. 

• Every C subset of X and every porous subset of X is fi-null. 
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Proof. These two conditions arc sufficient since there exists a countable decompo- 
sition of any A subset of X into C sets. Therefore, if any C subset of X is /i-null, 
so is any A subset. 

Conversely, for any S € C that is contained within a structured chart of a 
Lipschitz differentiability space, by Lemma 16.81 there exists a < e < 1 and a 
sequence of cones C m of width e such that H 1 ^ C\ S) — for any 7 £ T(X) in the 
(^-direction of C m with speed 1/m. Then there exists a cone C of width e/2 and 
rrij —> 00 such that C C C m . for each j e N. Therefore H 1 ^ (1 S) = for any 
7 G r(X) in the (^-direction of C and so, by Theorem 19.51 S is /i-null. □ 



As an example of the use of our theory, we give an alternate proof of Cheeger's 
Differentiation Theorem. We begin by introducing the notion of a Poincare inequal- 
ity in a metric measure space. 

Definition 10.1. Let (X, d) be a metric space and /: X R Lipschitz. We say 
that a measurable function p: X — > R is an upper gradient of f if, for any 7 € H(JC) 
that is parametrised by arc length, 



where j e and 7 S are the end points of 7. 

Further, for p, P > 1 we say that a metric measure space (X, d, /i) satisfies the 
p-Poincare inequality with constant P if, for every closed ball B — B(xo,r) C X, 
y,{B) > and 



Finally, for C > 1, we say that a metric measure space (A", c£, /x) is C-doubling if 



for every io 6l and every r > 0. 

Theorem 10.2 (Cheeger [Che99j ) ■ Any C-doubling metric measure space (X,d,fi) 
that satisfies the p-Poincare inequality with constant P is a Lipschitz differentia- 
bility space. Moreover, each chart is of a dimension bounded above by an integer 
depending only upon C and P , independent of the metric measure space. 

Proof. Since a C-doubling metric measure space is a D v set, for some r\ > 1 de- 
pending only upon C, by Theorem 18.111 and Corollary 18.91 it suffices to prove the 
existence of a S > depending only upon C and P such that any Bg subset of X 
is /i-null. 

Firstly, by Proposition 4.3.3 of KeiO 1| . for any C-doubling metric measure space, 
there exists a C depending only upon C such that, for any Lipschitz / : X — > R, 
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Here 




KB(xo,r)) <Cfi(B(x Q ,r/2)) 
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for almost every xo G X. Therefore, if p is an upper gradient of /, by using the 
Poincare inequality and applying Lebesguc's differentiation theorem to p, we see 
that there exists a C" > depending only upon C and P such that 

(10.1) p(x )>C"Up(f,x ) 

for almost every xq 6 X. We set S = C"/2. 

Now suppose that / : X — > K is Lipschitz and S C {xq ■ Lip(/, x ) > 0} satisfies 
'H 1 (7 n S) = for every 7 G T{X) with /-speed S. Then for any 7 G T(X) and 
almost every to G 7~ 1 (5), 

(/o7)'(*o)<«Lip(/,7(*o))Lip(7»*o). 

In particular this is true for any 7 G II(X) that is parametrised by arc length and 
so 




S Lip(/, x) x G S 
Lip(/, x) otherwise 



is an upper gradient of /. However, for almost every x G S, by equation (jlO.ip . 
5Lip(/,i) = p{x) > 2<5Lip(/,x) > 0. 

Therefore S must be //-null. In particular, any B5 subset of X is //-null, as required. 

□ 



As pointed out in the introduction, the existence of an Alberti representation of 
any doubling Lipschitz differentiability space (A, d, p) that satisfies the Poincare 
inequality may be deduced from a theorem of Cheeger and Kleiner. To see this, 
suppose that S is compact, contained within a chart and satisfies 'H 1 (7 fl S) = 
for every 7 G IL(X). Then by applying [CK09j . Theorem 4.2 (and adopting it's 
terminology) with / a component of the chart map and the negligible set N = 
{(7,t) : 7(0 € <S}, we see that the minimal upper gradient of / equals zero almost 
everywhere in S. However, the minimal upper gradient of / equals Lip(/, .) > 
almost everywhere and so S must be //-null. An application of Lemma 15.21 gives 
the required Alberti representation. In fact, almost every curve in this Alberti 
representation is defined on an interval. 

In [Kei04j . Keith introduced the Lip- lip condition (see below) on a metric mea- 
sure space and showed that any doubling metric measure space with a Lip-lip 
condition is a Lipschitz differentiability space (via the Poincare inequality). We 
now use our theory to give an alternate proof of this fact and to prove the converse 
statement. This gives a characterisation of Lipschitz differentiability spaces via the 
Lip-lip condition. 

Definition 10.3. We say that a metric measure space (X,d,p) satisfies a Lip-lip 
condition if there exists a countable Borel decomposition X = UiXi and for each 
i G N a 5i > such that, for any Lipschitz / : X — > R, 

^Lipff^o) < liminfsup( l/(:r) ~ /(Xo)l : < d(x,x ) < r\ 

r->0 I r J 

:= lip(/,x ) 
for almost every xq 6 Jj. 
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Theorem 10.4. A metric measure space (X,d,fi) satisfies a Lip-lip condition if 
and only if every B subset of X is fi-null. In particular, (X, d, fi) is a Lipschitz 
differentiability space if and only if it satisfies a Lip-lip condition and is pointwise 
doubling. 

Proof. First suppose that any B subset of X is /i-null. Then by Theorem 18.111 
there exists a countable Borel decomposition X — UiXi and for each i £ N a Si > 
such that, for any Lipschitz /: X M and every i £ N, there exists an Alberti 
representation of ^ L X, with speed Si. In particular, for every i £ N and almost 
every xq £ Xi, there exist 7 £ T(X) and to a density point of Dom7 such that 
7 (to) = x and 

6iUp(J,x ) < (/o 7 )'(t ). 
However, since to is a density point of Dom.7, 

(/°7)'(*o) <Hp(J>o) 
and so X satisfies a Lip-lip condition. 

Conversely, suppose that S C X belongs to 5, so that S belongs to A. Then 
for any e > we may apply Lemma 16.41 to construct a sequence of functions that 
satisfy the hypotheses of Lemma I4T21 on some Borel S'cS with /j,(S') > fi(S) — e. 
Therefore, by applying Lemma 14.21 with positive sequences Ri,ri — > such that 
ri/Ri — ¥ as i — ¥ 00, for any S > we obtain a Lipschitz function /: X — > K with 

SLip(f,x ) > \ip(f,x ) 

for almost every xq £ S'. In particular, if X satisfies a Lip-lip condition, S' and 
hence S are /i-null. 

Finally, from Theorem 18.111 X is a Lipschitz differentiability space if and only 
if it is pointwise doubling and satisfies a Lip-lip condition. □ 

Very shortly after the first preprint of this paper appeared, Gong gave a second, 
independent proof of the previous Corollary in |Gonl2j . 

References 

[ACP] G. Alberti, M. Csornyei, and D. Preiss, Structure of null sets, differentiability of 

Lipschitz functions, and other problems, preprint. 
[AGS11] L. Ambrosio, N. Gigli, and G. Savare, Calculus and heat flow in metric measure spaces 

and applications to spaces with Ricci bounds from below, arXiv 1106.2090 (2011). 
[AKOO] L. Ambrosio and B. Kirchheim, Rectifiable sets in metric and Banach spaces, Math. 

Ann. 318 (2000), no. 3, 527-555. MR 1800768 (2003a:28009) 
[Alb93] G. Alberti, Rank one property for derivatives of functions with bounded variation, 

Proc. Roy. Soc. Edinburgh Sect. A 123 (1993), no. 2, 239-274. MR 1215412 

(94g:49100) 

[BS11] D. Bate and G. Speight, Differentiability, porosity and doubling in metric measure 

spaces, arXiv 1108.0318 (2011), To appear in Proc. Amer. Math. Soc. 
[Che99] J. Cheeger, Differentiability of Lipschitz functions on metric measure spaces, Geom. 

Funct. Anal. 9 (1999), no. 3, 428-517. MR 1708448 (2000g:53043) 
[CK09] J. Cheeger and B. Kleiner, Differentiability of Lipschitz maps from metric measure 

spaces to Banach spaces with the Radon- Nikodym property, Geom. Funct. Anal. 19 

(2009), no. 4, 1017-1028. MR 2570313 (2011c:30138) 
[Gonll] J. Gong, Rigidity of derivations in the plane and in metric measure spaces, arXiv 

1110.4282 (2011). 

[Gonl2] , The Lip-lip condition on metric measure spaces, arXiv 1208.2869 (2012). 

[HciOl] J. Heinonen, Lectures on analysis on metric spaces, Universitext, Springer- Verlag, 
New York, 2001. MR 1800917 (2002c:30028) 



STRUCTURE OF MEASURES IN LIPSCHITZ DIFFERENTIABILITY SPACES 



61 



[Kec95] A. S. Kechris, Classical descriptive set theory, Graduate Texts in Mathematics, vol. 

156, Springer- Verlag, New York, 1995. MR 1321597 (96e:03057) 
[Kci04] S. Keith, A differentiable structure for metric measure spaces, Adv. Math. 183 (2004), 

no. 2, 271-315. MR 2041901 (2005g:46070) 
[KM11] B. Kleiner and J. Mackay, Differentiable structures on metric measure spaces: A 

primer, arXiv 1108.1324 (2011). 
[MMPZ03] M. E. Mera, M. Moran, D. Preiss, and L. Zaji'cek, Porosity, u-porosity and measures, 

Nonlinearity 16 (2003), no. 1, 247-255. MR 1950786 (2003m:28003) 
[Rud08] W. Rudin, Function theory in the unit ball of C", Classics in Mathematics, 

pp. xiv+436, Springer- Verlag, Berlin, 2008. MR 2446682 (2009g:32001) 



Mathematics Institute, Zeeman Building, University of Warwick, Coventry, CV4 7AL 
UK 

E-mail address: davidObate.org.uk 



